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ABSTRACT

We will use the notions of real axis and imaginary axis to construct by orthogonal superposition a complex plan with complex base of module
p= V1 = 1 that is analogous to the set C of complex numbers. Then we will superimpose the three complex planes to obtain the hyper-
space of six (06) dimensions. We will thus arrive at the algebra of six (06) dimension: three (03) real dimensions and three (03) imaginary
dimensions. The construction of the algebra requires developing and defining a commutative multiplication table using the exponential no-
tations of Euler's formula. What we will generalize, by defining new multiplication rules, by to the notions of “the real product” and “imaginary
product”; which we will call “Euler products”. This superposition reveals two new complex bases with different imaginary modules: V2 ;and
V3 in the hyper-space of six dimensions: " What is magical about this multiplication, is the impression we have of jumping from one orbital to
another.
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1 INTRODUCTION

This text is a geometric approach to construct a commutative, associative, bilinear and unitary algebraic structure of “superimposed
hyper-complex” numbers for dimensions n € N. We know that the set ¢ of complex numbers is defined as an extension of the set R of
real numbers containing an imaginary number denoted i ; such that: i# = —1. Any complex number S can then be written in the form:
s = x+iy (where x and y are real numbers).

Complex numbers were gradually introduced in the 16™ century by the Italian mathematical school (Jérdme Cardan, Raphaél Bombelli,
Tartaglia...) in order to express the solutions of third degree equations in complete generality by Cardan's formulas, in using in particular
negative square “numbers”. We can provide the set of complex numbers with an addition and a multiplication, which make it a com-
mutative field containing the field of real numbers.

In 1806, while running a bookstore in Paris, the Swiss Jean Robert Argand published a geometric interpretation of complex numbers
as points in the plane, by corresponding the complex number a + bv/—1 ; to the unique point of the coordinate plane (a; b). For
this reason, the plane, seen as a set of complex numbers, is sometimes called the Argand plane. Also the Frenchman Jacques Fréderic
Francais, who discovered the work of Argand adds that; geometrically the imaginary number v/—1 is the image in the complex plane
(Argand plane) of the real number 1 by the rotation with center O and angle 8 = g and note vV—1 = 1= . To this must be added the

2

publications of Abbé Buée, the Danish and Norwegian Caspar Wessel and others in the development of the geometric aspect of com-
plex numbers.
However, this geometric conception of an algebraic tool clashes with the logical sense of certain mathematicians of the time. It was
only when Gauss and de Cauchy took up this idea that this conception acquired its letters of nobility. Thus, the geometric aspect of
complex numbers develops; they are associated with vectors or points on the plane. The transformations of the plan are then expressed
in the form of complex transformations. Which allowed William Rowan Hamilton to create his quaternions. In 1843 Hamilton who
was the first to give the algebraic writing of a hyper-complex number (quaternions) inthe q = x + iy + jz + kt (where x; y; z and
tare real numbers and i ; j and k are imaginary numbers) ; with one of the conditions i2 = j2 = k2 = —1.
In mathematics, the term hyper-complex number is used to refer to elements of algebras that are extended or go deeper than complex
number arithmetic. An accessible and modern definition of a hyper-complex number is given by Kantor and Solodovnikov. They are
elements of a unitary real algebra (not necessarily associative) of dimensionn + 1 > 0.
Hyper-complex numbers are obtained by further generalizing the construction of complex numbers from real numbers by the Cayley-
Dickson construction. This allows complex numbers to be extended into algebras of dimension 2" (n € {2;3;4......}). The best known
are the algebra of quaternions (of dimension 4), that of octonions (of dimension 8) and that of sedenions (of dimension 16). However,
increasing the dimension introduces algebraic complications: the multiplication of quaternions is no longer commutative, the multipli-
cation of octonions is, moreover, non-associative and the norm on sedenions is not multiplicative. In the definition of Kantor and
Solodovnikov, these numbers correspond to anti-commutative bases of type i2, = —1 (avec m € {1;...... ;2" — 1}). Since quaternions and
octonions provide a similar (multiplicative) norm to the lengths of Euclidean vector spaces of dimensions four and eight respectively,
they can be associated with points in some higher-dimensional Euclidean spaces. Beyond the octonions, on the other hand, this anal-
ogy falls away since these constructions are no longer normed.
We will present here a geometric approach by orthogonal superposition of complex plans (with real and imaginary bases). Which, as
we will see, will have the consequence of giving a commutative, associative, bilinear and unitary algebraic structure to the set of
numbers that we will call here “superimposed hyper-complex” numbers.
| would present the construction methods by geometric superposition, which result in a commutative algebra of “superimposed hyper-
complex” numbers. In addition, the introduction of new concepts such as; “Euler bases” obtained using exponential notation of Euler’s
formula; the “real product” and the “imaginary product”; allowing multiplication to remain commutative. Which gives rise to new
complex bases, in which the multiplication passes from one base to another in commutative way. These bases have different modules
and are distributed in a discreet manner. Above all, we will see that the hyper-complex writing

q = x + iy + jz + kt of quaternions defined by Hamilton, associated with the “real product” and the “imaginary product”, describes
a state of superposition.

2 SETS(q;1

2.1 Real axis — Imaginary axis
Consider a line (d,, ) provided with a coordinate system (O ; v, ) with n € {1;2;3;......... } and o« € {r;i} where r denotes the
word “real” and i denotes the word “imaginary”. We can associate with this axis a real graduation unit |vn‘r| = 1 or an imaginary
graduation unit |vn,i| = 1; defined by:

o U, = vy, if vy, isreal.
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2 . . .
it = —VUny if v,,; isimaginary.

Thus any point M belonging to (dmx) has for affix the number hy, such that: hy, = a, «Vp «
Thus hy, is a linear combination with real coefficient a,, . € R and a canonical basis {vn_o(} ;(withn € {1;2;3;..}; <€ {r;i}).

e U

2.2 Algebraic space Si, dimension 1 — Vector space S1, dimension 1

We thus define the set S, . the set of numbers h affixes of the points M of a line (dmx) and which are written in the form:
h = a, «Vp« (Where a,, « € R and v,  being a real or imaginary one).

2.2.1 Algebraic space S,
An algebraic space denoted S, , such that any real number h € S, ,. is written h = x; ,v;, (where v, ,. is real and x; . € R). Under
these conditions, we can also show that §; ,. is an R-Algebra of dimension 1, provided with the internal operations + and X from §, .
to S, , defined by:
If v, is a real base we have:
{h +h'= X0V + xl,r’vl,r = (xl,r + xl,r’)vl,r

h x hl = xl,rvl,r X xl,r’vl,r = (xl,r X xl,r’)vl,rz = xl,rxl,r’vl,r
Since the addition of real numbers is commutative, associative and admits 0 as a neutral element and just as the multiplication of real
numbers is commutative, associative, distributive with respect to addition and admits 1 as a neutral element then we have:

e h+h =h"+h
o h+ OS =h
e hxh'=h"xh
= — — 2 —
® Vir Xh= Vir X (xl,rvl,r) = X1rVir XV = X1V = X7 Vr = h

S, is an associative, commutative bilinear and unitary algebra on R.

2.2.2 The vector space Si;

The vector space denoted S, ; is such that any imaginary number h € S, ;is written h = y; ;v;; (where v, ; is an imaginary basis
and y; ; € R). Under these conditions, we can show that the set S, ; is a vector R-Space equipped with the internal operation + from
S, to S;; defined by:

If v,; is an imaginary basis, we have: h + h' = y3,v1; + y1,'v1; = (Y10 + }’1,i’)171,i

Since the addition of real coefficients is commutative, associative and admits 0 as a neutral element then the internal operation +
from §;; to S, ; verifies the following axioms:

e h+h'=h"+h

e (h+h)+h'=h+(H'+1h")

L4 h+0§=h

e If h+h'=05 then h'=-—h

Likewise, the multiplication of real numbers being commutative, associative, distributive with respect to addition and admits 1 as a
neutral element, then the external operation X from §;; to S ; verifies the following axioms:
If 2 € Rand u € R we have:
e 1Xh=h
A(uh) = (Au)h
ACh+h') =Ah + AR
A+ wh=2Ah+ uh
h X 0 = 05
Which gives S ; a vector space structure on R.

2.3 Hyper-complex algebraic space S3; 1)

2.3.1 Hyper-complex basis {vi, ; v2,}

We can define a hyper-complex plane P41y as being a plane formed by two perpendicular axes: an axis with a real base v, , and an
imaginary base axis v, ;. We associate with a hyper-complex plan a direct direction of rotation from the real axis towards the imaginary
axis. If we consider the hyper-complex basis {vl_r ; Uz,i} defined by:

(1(" vriva) T VLT

2
171,1” - vl,r
2 _
Vyi = —Vir
Vir X Uy = Uy X Vi = 7y,
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We can associate at any point of the hyper-complex plane (0; v, , ; v;;); a hyper-complex number h. This number being the sum of a
number h, affix of a point on the real line (dl,r) and of a number h; affix of a point on the imaginary line (dz_i) ; such as:
h=h,+h;whereh, €S, .andh; €S,;.
We then have: h = x1 v, + ¥, V2,
We can add that the hyper-complex number h of the hyper-complex base {V1r ; Uz,i} can be written in several other forms:
(P VxiZ+y,?
. . g = —X

o h=p(vy,cos0+v,;sin6) with 6 € Rsuch that: { €05 = 7=

vz

Vx12+y,2

sin@ =

e h= pe""zli with 8 € R
We can demonstrate it using the Taylor series that: 69”2'1‘ = v;,C€0s0 + v,; sin O with 6 € R.
The Taylor series expansion of the exponential function of the real variable t can be written:
[e0)
0t 2 t"

Ton w3 a T L
n=0
In the hyper-complex basis {V1,r ; vz_i}; in particular for t = 8v,; with real 6, we have:

[ee]

o n
s _ ZM _zvz.f_"e”
B n! B n!

n=0
This series can be separated into two by grouping the even and odd terms. Indeed, a rearrangement of the order of the terms of the
series is possible here, because it is an absolutely convergent series, in other words a summable family. We then obtain, using the fact
that:
2k _ 2\k _ k 2k = 2k _ k
Vi = (Uz,i ) = (_Vl,r) and vy, = V2" Vi = (_Vl,r) V2,i
So
(o)
2k g2k Vay 2k+1 g2k+1

etz _ z Vo ¥ NV Y
2k! 2k +1)!
2k 2k+1
eOvzi _ Z (_”n 9 Z (_vl,r) v, 07"
2k + 1)!

e0v2i _ Z (—1)k(v1,r)92k N z (=1 *v;, vy, 67!
=0 =0

2k + 1)!
. o ( 1) 921{ o ( 1) 92k+1
eevz'l = Z + 41 TUZL
: 4 (2k+1)!
eevz,: _ ( 1) 92]{ Z 1) 92k+1
v L 2k + 1)!
0

We thus see the Taylor series expansions of the cosine and sine functions app e r

o Z (_1)k92k q o= (_1)1( 92k+1
cosv = 2K! and. - smu= L@k + 1)

Which, by replacing €2¥2i, in the previous expression, gives in the hyper-complex basis {vu ; vz_i}: e"”b‘ = v;,c080 +v,;sinf

Soh = p(vu cos 8 + v, ; sin 6) < h= pee"z'i

2.3.2 Euler identity and “Euler basis”

According to the equality e = V1, €0S0 + v,;sinf we have:
e m™ai =y i §=2km (wetake k = 0)
T
o« €272 = y,, if 0 =§
e E™MM=—y  if =1
GSJ© 2024
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The Euler identity in this basis becomes €™ + v1,=0

_ p2kmv,;
.. Ul_r - e !
By definition, we call the Euler base the base {U1,r ; Uz,i}; such as: m,
— e7V2i
Vyi = eZ ’

Soifvy, = landv,; = ithen S,y =C

2.3.3 Direct similarity matrix of a hyper-complex number
For a hyper-complex number h = x; v, , + y,,v,; of dimension 2 its corresponding direct similarity matrix is written as follows:
Xir  ~Y2i
M, (h) = (}’2,1' X1,r )
2.4 Operationsin S;1)
By the following steps we will show that the set Sy is an associative, commutative, bilinear and unitary algebra on the field of real
numbers R in the hyper-complex base {V1,r ; vz‘i}
According to the equalities: h = p(vl‘r cosf + v,; sin 9) whith 8 € R
We can clearly see that the rules of addition and multiplication in S(4,1y are the same as those in C.

2.4.1 Addition (internal operation +)

The addition of two hyper-complex numbers of dimension 2 in the hyper-complex basis {V1,ri vz,i}; h =xy,v,, +¥,,;V,; and
h' = x1,'v1, + ¥,;'v,; ; are then defined by:

h+h = (xl,rvl,r + Y2,i772,i) + (xl,rlvl,r + YZ,i’UZ,i)

hth' = (g, + %1, 010 + (V20 + Y2i )2

We know that the addition of real coefficients is commutative, associative and admits 0 as a neutral element; we deduce that internal
operation + (addition) in S,.1) is a commutative, associative operation and admits Og as a neutral element.

2.4.2 Multiplication (internal operation X)

Similarly, the multiplication of two hyper-complex numbers of dimension 2 in the hyper-complex base {vl,r ; vz,i} is then defined by
the table:

X Vir V2,i
vl,r vl,r UZ,L'
V2, Vi —V1r

Table 1: multiplication table of base {ULT ; vz_i}

We thus obtain:

hy X hy = (X101, + Y2:02:) X (X1, V17 + Y2,/ V2)

hy X hy = (xl,rxl,r’ - y2,iy2,i’)v1,r + (xl,ryz,i’ + x1,rIY2,i)U2,i

Likewise we know that the multiplication of real coefficients is commutative, associative, distributive with respect to addition and
admits 1 as a neutral element; thus we deduce that the internal operation X (multiplication) in S(;,;y is a commutative, associative,
bilinear operation and admits v, , as a neutral element.

We can conclude that S(4,qy has the internal operations + and X; has the same properties as those in C. Thus S(;,1)) is an associative,
commutative, unitary and bilinear algebra on the set of real numbers R.

2.4.3 Hyper-complex bases {v,, ; v3;} and {vs, ; v1, }
By the same approach we will show that the set S,y associated with the bases {vz,r ; v3,i} and {V3_r ; U1,i} is an associative, com-
mutative, unitary and bilinear algebra on the field R of real numbers:

> Euler basis {vy, ; v3; }

The hyper-complex basis {vz‘r ; v3,l~} ; is defined as follows:

Ovs .

e €7% = v,,cos0+v3;sinb
2kmvg i

e €7 =v,  wetake k=0
T
LA

) eZ 3 = "]3’1.
VLN

° e 30 — _Uz,r
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The Euler identity in the base {Uz,r ; v3_i} becomes €3 + Vyr =0

_ p2kmvg;
;= @i

U2
Likewise we obtain its Euler base {UZT ; Uz i}; such as: n
! ! = e;vs,i
v3,1 -
Its associated multiplication table is:
X Var V3,i
Var Var V3,
Vs, V3,i —Vr

Table 2: multiplication table of base {vz_r ; v3‘i}

The direct similarity matrix of a hyper complex number h = x,, v, + y3;v3; of dimension 2 in the basis {vz,r ; v3,i} is:

0= (i )

» Euler basis {vs, ; V1, }

The hyper-complex basis {Ug,r ; V1,i} is defined as follows:
o e vy c0sO + vy ;sinf

2kmvq ;
e = vy, we take k = 0
T
T,
[ ] eZ L — "]1’1.
TV §
e €= —Vir

The Euler identity in the basis {v3yr b U1,i} becomes €™ + vz, =0

_ p2kmvy;
=€

U3
Likewise we obtain its Euler basis {173T ; V1i} ; such as: ™
[ g | — e;’h,i
Ul,z -
Its associated multiplication table is:
X V3 V1
Uzr Vsr Vi
V1,i Vi VU3

Table 3: multiplication table of base {v3,r ; Ul,i}

The direct similarity matrix of a hyper-complex number h = x3,v3, + y; ;v; ; of dimension 2 in the basis {v3_r ; 171,i} is:
600=( )

To conclude this part we will note:

S, y, The algebra associated with the base {v; , ; v,,} with coefficient in R to designate the set Sy,) of the affixes h,_ ,,, of the points

of the complex hyper-plane (0 5 Uiy Uz,i)-

Sx,,y, The algebra associated with the base {va, 5 vs;}with coefficient in R to designate the set S,y of the affixes h

of the complex hyper-plane (0 s Vars v3,i).

Sx,y, Thealgebra associated with the base {173, ; U1,i} with coefficient in R to designate the set S(4,;)of the affixes h,, ,,, of the points

of the complex hyper-plane (0 3 Vs U1,i)-

of the points

X2,Y3

3 ALGEBRAIC SPACE S3;3)

3.1 Hyper-space E3;3)

We can define a complex hyper-space E:3) of dimension 6 (3 real dimensions and 3 imaginary dimensions), as being a geometric
space constituted respectively by the orthogonal superposition of the complex hyper-planes (0; Vi Uz,i); (0 3 Vo v3_i) and
(0 3 Vs 171,1') in their direct directions of rotation and in the order of the respective “Euler bases” {V1,r ; Vz,i}i
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{Vz,r ; 173,1'} and {U3,r ; 171,1'}-
Then we can associate at any point in the complex hyperspace E(33)with 3 real dimensions and 3 imaginary dimen-
sions {(ULT Vo ;vgyr); (U1,i s Vais v3_i)}; a hyper-complex number h. This number being the sum of a number h,_,,, affix of a point
of the complex hyper-plane (0 s V1rs vz‘i), of a number th‘y3 affix of a second point of the hyper-complex plane (0 s Vars v3,i) and
anumber h,_,, affix of a third point of the complex hyper-plane (0 3 V3rs V1,i)} thus defined in the direct order of their directions of
rotation such as:
thJ/z + hxz'J/3 + hx30’1 where hxb)’z € SXLYz y hxz'J/3 € sz.}’3 and hx3:}’1 € strlﬁ'
We then have: h = (X1, V1, + Y2,V2:) + (Yo, Vor + ¥3,:V3:) + (X3,V37 + ¥1,014)
h=x1,V1, +Y2iVai + X2rVar + V3iVsi + X37V3r + V1,V
h=x1,V1, + X, Vor + X3,V3r + V1V + V2,iV2i + V3,03,
So the writing of the number h includes two parts:
Arealpart Xx;,V;, + Xp,Vp, + X3, V3,
Animaginary part Y ;V1; + ¥2iV2; + V3,3,
Soifweput qr = Xy,V1; + X, Vo + X3, V3, and q; = Y1015+ YVoiVai + ¥3,iV3,
We have: h = q, + q;

e g, isalinear combination with real base of dimension 3.

e g; is alinear combination with an imaginary base of dimension 3.
We will thus say that the “superimposed hyper-complex” numbers h of dimension 6 are obtained geometrically by orthogonal super-
position. So by definition the set S 3.3y is the set of “superimposed hyper-complex” numbers h of dimension 6.
We can therefore retain that the complex space E3.3) is geometrically the superposition of two 3 dimensional geometric spaces: a real
space of dimension 3 with real bases {U1,r s Vars v3,r} and an imaginary space of dimension 3 with imaginary bases {vl,i ; Vais 173,{}.
We note E(3;3) = (a5 v2r 503, )s (Va5 Vi v34))-
We can clearly see that with this geometric and orthogonal superposition we obtain a well-defined writing of “hyper-complex super-
imposed” numbers. However, if we posit the equality x; v, + %5,V,, + X3,V3, = x we obtain the Hamilton quaternions:
q=X+Y1,iV1i +Y2,iV2i T V3iVs,;
Which can be interpreted by the fact that: the real space of quaternions is a space where real dimensions are intertwined.
This is why the set of “superimposed hyper-complex” numbers should be denoted Hg in honor of Hamilton who discovered them
almost two centuries ago. It is true that he, himself was aware that writing hyper-complex works was only possible in this form. As if,
in his subconscious, he knew that his numbers described states of superposition. What is certain is that if at that time, we knew the
states of quantum superposition; he would have such an interpretation of his discovery.
To better visualize the construction of all hyper-complex numbers by geometric superposition; let us note in a circular manner:

. P2

Vi =1y Vii = Uy by”=-1y
_ . . ) . 2 _

For real bases 4 v, = 1, and for imaginary bases { v,; = i), with{i,“= -1,
= =1 P2

V3 =1, V3 =1z " =-1,

Under these conditions, we will see that we can obtain associative, commutative, unitary and bilinear algebra. However, for the rest
of our study, let us keep the notations {V1,r s Var s Vsr } for the real bases and {V1,i s Vais 173‘1-} for the imaginary bases.

3.2 Equality of two “superimposed hyper-complex” numbers.
Two “superimposed hyper-complex” numbers are equal if and only if they have the same real bet and the same imaginary part.
Considering h=¢q, +q;and h' =¢q,' + q;"then:h=h" < (q,=¢q, et q =gq;")

_ ’ _ ’
X1r = Xqr Yii = V1,i

_ _ ' _ ’
h=nh 4 Xor = Xor and Yo, = Yo
— r — !

X3 = X3 V3,i = Y3,

So we can give the following definitions:
» Two “superimposed hyper-complex” numbers are said to be “equal-rea
inary parts.
Considering h = q, + q; and h' = q,’ + q;' then:
h and h'are said to be “equal-real” ifand only if q,, = ¢, and gq; # q;’
» Two “superimposed hyper-complex” numbers are said to be “equal-imaginary” if they have the same imaginary part and
different real parts.
Considering h = q, + q; and h' = q,' + q;’ then:
hand h' aresaidto be “equal-imaginary” if and only if ¢q, # ¢," and q; = q;’.

|ll

if they have the same real part and different imag-

!
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» Two “superimposed hyper-complex” numbers are said to be “distinct” if their real parts are different and if their imaginary
parts are also different.
Considering h = q, + q; and h’' = q,' + g;' then:
h and h'are said to be “distinct” if and only if ¢q, # g, and q; # q;’.

3.3 Operationin§(3;3)
By the following steps we will also show that S53y is an associative, commutative, bilinear and unitary algebra on the set of real
numbers R.

3.3.1 Addition (internal operation +)

Considering h, and h, two “superimposed hyper-complex” numbers of dimension 6 such that:
h=q,+q; andh'=gq,"+q,

The addition of hyper complex numbers placed in superposition of dimension 6 is then defined by:
h+h'=(q-+q)+ (@' +a")

The addition of real and imaginary numbers being commutative and associative we have:

h+ h’ = (Qr + Qr,) + (qz + qi,) where

QT + Qr, = (xl,r + xl,r’)vl,r + (xz,r + xz,r,)vz,r + (xS,r + x3r,)v3,r

g tq' = (}’1,i + J’1,i')171,i + (yz,i + Y2,i')vz,i + (J’3,i + }’3,1")773,1'

Thus, the rules of addition in 3.3y are the same as those in S(;,;). Therefore the addition in S(5.3) is a commutative, associative
operation and admits Og as a neutral element.

3.3.2 Multiplication (internal operation X)

Considering h and h' two “superimposed hyper-complex” numbers of dimension 6 such that:
h=q,+qy and h'=q,'+q'

The multiplication of “superimposed hyper-complex” numbers of dimension 6 is then defined by:
h x h’ = (qr + Qh) X (QT’ + qh’)

hxh'=q-Xq' + 4 Xqn" + qn X @' + qn X qn’

Where:

qr X QTI = (xl,rvl,r + X2rV2r b xB,rUS,r) X (xl,r,vl,r + x2,r’U2,r + x3,r’V3,r)

Gr X q;' = (X1, V10 + X, Vo +X3,03,) X (Vai Vi + V2i' Vi + V3 V31)

qi X q,' = (}’1,1'171,1' + V2, V2 + y3,i173,i) X (xl,rlvl,r + X5, Vo + xg,rrva,r)

Qi X @' = (Y0010 + V2,20 + ¥3,:V30) X (V1,0 V1 + Y2, V2 + V31'V31)

We see that writing the product of the “superimposed hyper-complex” numbers h and k'’ is too long and requires a multiplication table
for the bases.

3.3.3 Hyper-complex bases Multiplication rules
To establish the multiplication table of the bases of the set S3,3); we will use the exponential writing of “Euler bases”.

2kmv, i T

2,1

e =y, . . -3

Base {vl,r ; vz‘i} : L ; k=0 and with a rotation .‘R(O,_g) o e A Y
€272 =y, ' 2

2k

e V3 i — UZT . ' _g

Base {UZT, v3l} n ; k = 0 and with a rotation R m Vg — Uy,
ez"i = p, (0;_3) ’ ’

ezkﬂ:v&i =, _
ne

; k = 0 and with a rotation R(o__g) PV —— V3,
! 2

K]

Base {vz‘r; v3ri} : L
€273 = vy,

T
So if we know the axis of the imaginary base €z = Vn,i, We will use the rotation IR( _E) of center O of angle —% to determine

0;2

the axis of the real base corresponding @™ in the plane of rotation and a transformation T. The transformation T is defined by:
T(ZVni) =X Vnr
Which gives €%ni = T o .’R(O _ _E)(vn_i)
’ 2
The difficulty here consists of first determining the plane of rotation then the direction of rotation. Let us not forget, that we are no

longer in 3-dimensional visual space but in 6-dimensional hyperspace. However, for each case; | will propose a plan and a direction of
rotation, to then give the orientation of the real bases corresponding to each imaginary base. On the other hand, the algebraic writing
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of Hamilton's quaternions is a perfect mathematical tool; which describes an intertwined real space, where the real bases can be
everywhere. Thus, determining the orientation of real bases will no longer be a necessity in an interlaced real space. What we need to
know is that; any direction perpendicular to the imaginary axis, is a possible direction for the corresponding real axis. However, the
exponential writing of hyper-complex numbers allows us, to do any type of calculation without taking in account geometric aspect.

3.3.4 Calculation of type (v n.1,r)?

Vpn_1r is the real unit carried by the axis perpendicular to the axis of the imaginary unit v, ;
2 2knvp 2kTvp ¢ 4kmvy ;
We have (Vp_1,) = Vpo1y X Up_y, = @77 0 x @70t = @5Hni
4RV 2kmvy 0vp ¢
If we take k = 0 then €7t = @*¥™ni = @"ni — Vp-1r

2
Therefore (Vn—1,r) = Un_1r

3.3.5 Calculation type (v ,)?

We have (vn‘i)z = Vpy X Up; = @3'ni y @2Vni — @™ni — ~Vp-1r
Calculation type v,_1, X Uy = Uy X Vp_q

Vpo1y X Vpi = Bka’n.i x eg”n,i — e(2k7wn,i+ gvn,i)

If we take k = 0 then e(""m* 7o) = eg”ni = Vp,;

Therefore v,,_1, X Uy, = Uy ;

So we can retain that multiplying a real base by an imaginary base always gives us the imaginary base.

3.3.6 Calculations of types Snr =V nr XV n.1,r aNd Snji = UV nji XV p-1,i

We start by calculating s, ; = v,,; X v, ; then we deduce s,,, = v, X V,,_; , geometrically by the rotation IR( _E) with center O

0,'2

and angle —g and by the transformation T.
3.3.7 Euler Base {si ; s2, } of module p;=v2

T LA LI A
SZ,i = vl,i X vZ,i = v2’i X 171',: = ez L% 82 2 ez L2t
2kmv; i 2kmv, ; 2km(vq j+v5
Sir = Uiy X Vg, =V, X0y, = €7 2 x @i =@ m(v14720).
0(vy +vg
However we have: k = 0sos;, = € (1,+2,0)
T
We see that (Sz,i)z = (e;(vl,i+v2,i)) 2 = @m(vnitvai) - —S1r
. . 2
We see the imaginary number s, ; appear such that: (52,1') = —S1,
So we can write using Euler's formula:
T T
—~(v1itvy; =Sai b3 . T
o @itz - g7l = (er cos— + sz sm;) = Sy;
2kem(vy j+v5 ¢ 2kms, .
em(viitvai) _ @2kmsai _ (s1rcos2km + s,;sin2km) = 54,
We must then define the existence of a new real and imaginary base {SLT ; sz_i} of module:
= |U1,i + vZ,i| = \/7
— — vyi+v2\0| _ —
© poy, = s = |(em )| = 111 =1
We can determine; geometrically the orientation of the imaginary number by:

Vs
_ _ _ | p75(v1,itv2)
® Psy; T P2 = |52,i| ol CEN

| — | e0WLitvz)

Vs
— ezt _
Sy = €72 =Vt Uy

Finally to determine the orientation of the real number s, , of the base {SLT ; sz_i}, we must consider the rotation R(

T (Z vn,i) = Z Unr

To R(O ; _%) (Vl,i + Vz,i) = Vir — Vor
Thus geometrically, the orientation of the real number s, ,. is the same as the number v, , — v, ,..
We obtain the base {Sl,r ; Sz,i} with imaginary module p, = v/2 and real module 1 in the rotation plane (0 ; v, ; v,)

o in the

0;—2

rotation plane (0 ;U1 172) and the transformation

We find geometrically:
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2km(vq j+V3
5 = @)
Base {S1r; Szz}l T by ) withk =0
, } LA
50 = @212

T
We can say that, the number s,; = @2("1i*v20) gascribes a state of superposition of imaginary numbers v, ; and v, ;. Which means

that by deduction that: s, ,. = eZk”(Vl'i+V2'i) describes a state of superposition of real numbers v, .. and v, . .

3.3.8 Euler Base {s,, ; s3,} and {s3, ; 51,,} of module p,=v2
In the same way, we can deduce that:

T T T
LA LA LA
S30 = Vp XVz; =Vg; XVy; = €22 x €23 = ezv2itvad) = vy + Vs

2kmv, i 2kmvg i 2kt (v, i+v3
Sor = Viy XVpp =Vpp XV, =€ 2 x €73 =@ W2+vs0)

We obtain a new base {52, ; 53’1-} with imaginary module p, = /2 and real module 1 in the rotation plane (0 ; v, ; v5).

2km(vyi+v3 i
SZ,r — e (vo,i+v3,i) g
Base {5y, ; 53} B eg(v”wa'i) withk =0
S3i =

Likewise we have:

T T T
T LA LA
S1i =V X V3 =V3; XVy; = €2 x €23 = ezsitvid = vy + Vs

2kmvg 2kmvq 2kmt(v3 j+vq i
S3p = Vpyp X V3, = V3, XV, = €7 3 xE€7 =€ Wa,i+va)

We obtain a new base {Sw ; Sl,i} with imaginary module p, = /2 and real module 1 in the rotation plane (0 ; vs; v,).

2knt(vg j+vq
53,r — e (v3,i+vy,i) '
Base {53 T } : - withk =0
i * — eg(vz.,i‘“’l,i)
S1,i =

)

3.3.9 Set S(3;3 Multiplication table
We can associate with multiplication (the x operation) of the § 3.3 the following table:

X Vir Var U3y Vy,i Va,i U3
Vir Vir Sa,r S1,r Vi Vi Vs,
Vor Sa,r Vor S3,r V1,i Vi V3,
U3 S1r S3r U3 V1,i Vi V3,
V1,i V1,i V1i V1,i —V3r S2,i S1,i
Vi Vi Vi Vi S2,i —Vir S3,i
Vs,i Vs, V3, Us,i S1,i S3,i —Var

Table 4: multiplication table of bases of the set S35,

3.3.10 Euler base {ui, ; u,; } of module ps=v3
Calculation type: u,; = (Vn—u X vm-) X Vpp1i = Upo1; X (vn_i X vn+1_i)
And uZ,r = (vn—l,r X Un,r ><)vn+1,r = vn—l,r X (vn,r X vn+1,r)
We also obtain a new base {qu ; uz‘i} of module p; = v/3 in the rotation plane (0 5 S2.i v3).
We have:

T LA L
uZ,i = (vl,i X vZ,i) X U3‘l‘ = vl,i X (172'1' X 173’1') = ez 1L X ez 2t X ez 3t
Uy = eg(”1,i+vz,i+v3.i)
Likewise, we have:

2kmv, i

ul,r = (Ul,r X UZ,T) X 173,7’ = vl,r X (Uz,r X 173,r) = e 2t X e

_ eZRTT(U1,i+V2,i+U3,i)
r

2Kkmv3 x ezknvl_i

uL

0(vq,ij+vy itV
However we have: k=0so s, , = € (v1,+02,i+v37)
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2 vy j+vpi+v3)) z (vy 402 1 +V3 )
We see that: (u,;) =(€2 nrrat 3") =@ VR Y = —y,

. . . 2
We see the imaginary number u, ; appear again such that: (u2,,’) =—Up,
So we can write using Euler's formula:

T
e;("1,i+”2,i+’73,i) —

T
LA T LT
o =@z = (ul,r cos + Uy, sm;) =Uy;

. ezkn(vl_i+v2_i+v3ll-) — 82k”u2,i

= (ul,r cos 2km + uy; sin 2k7r) =Up,
We must then define the existence of a new real and imaginary base {ul,r ; uz‘i} of module:

T
—(V1,itV2,itv3
° puz,i =p3 = |u2‘i| = |eZ( L2, 3'L)| = |l71‘i + Va,i + U3,i| = \/g;
_ |(e(”1:i+”2'i+”3m))°| =1=1
e We can determine; geometrically the orientation of the imaginary number by:

Y
_ p7W,itvitv3) _
Uy, = €2 =Vt + U3,

Finally to determine the orientation of the real number u, , of the base {ulm ; uZ’i}, we must consider the rotation 32( E) in the

0;-5
T (Z 1]n,i) = Z Unr

T o :R(O; )(’Ul'i + UZ,i + 1]3'1-) = vl,T + vZ,T — 1‘73,7‘

_r
2

0(vy,i+v, i +v3 )

® Py, =P3= |u2,r| = |e

rotation pIane(O 5 Sais v3) and the transformation:

We find geometrically:

Thus geometrically, the orientation of the real number u, ,. of module 1 is the same as the number v, + v,, — v3,.
We obtain the base {uu ; uz‘i} with imaginary module p; = v/3 and real module 1 in the rotation plane (O s Sais v3).

ul,r = ezkn(v1,i+v2_i+v3_i)

We obtain the base {ul,r ; uz,i} y with k=0

ug— eg("1,i+vz,i+v3,i)
i

Their geometric interpretation is: in my opinion:
E(Ul itvy itvs i) . e . .
o u,; = €2 T2 describes a state of superposition of imaginary numbers v, ; ; v,; and v
2km(vq j+v5 i+V3 . s
e u,=6€ (v1i+v24v3.1) *describes a state of superposition of real numbers v, ,- ; v,, and v,

3.4 Priority rules

Now we need to define some priority rules for multiplication with the number —1. Since the works of Jean Robert Argand, of Jean
Fréderic Francais; we know that multiplying by —1 amounts to making a rotation of angle 7 in the same plane of rotation. What
happens if we multiply two numbers located in two different planes of rotation?

T T T T
We know that in the same plane we have: € 2”4 = —@2"%1 and —€2" = @™ 2"

™ n T 2
Thus: —@2"1 x —@32V1i — (egvl,i) — @™l — _p2knvy;
T

Likewise: —€3"14 x (~@3"4) = @731 x @721 = @™ = @™ = P
In both cases, we find the same result.
However, if we take two numbers of different rotation planes we will have:
T T T T T
First: —@2"1i x —@2V2i = @2Vl x @2V2i = e;(”1,i+”z,i)

T V3 T T T T
Then secondly: - €271 x —@2"2i = @77"1i x @ 2" = @ 2" ¥ vai) = _@z(1i*vai)
We see that the two approaches give us two opposite results. Here we are faced with the same problem with the imaginary nota-
tion v—1 ; before Leonard Euler proposed the imaginary notation i to replace the number v—1 . Hence, the need to define a priority

rule for the exponential €. So keep the second approach as a rule. Not only is it the exponential € which gives the orientation of the
imaginary axes but also it is this approach which verifies Euler's formula. Unless we define a new rule of signs linked to complex super-
position; for non-coplanar bases which, as we know, describe superposition states. If we give priority to the exponential €; means
that before multiplying we must raise the negative sign (—) on the exponential €. After all that, all that remains is to multiply positive
.1 . . . . 1
coefficients (+). This is not surprising, because we know that: —i = 7 Which shows that there is no difference between —i and 7

Hence, the need to define a priority rule for multiplying different imaginary bases.
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Therefore, we must also know that; this priority given to the exponential €; has the merit of increasing the number of intermediate
and higher bases.

3.4.1 Complementary secondary bases.
So, if we have to multiply:
T T T T T
ez i x (_eg”z,i) = @2"1i x @7 2%21 = e;(”u‘“’z.i)

T
. . . —(v1i—Vyi . 2km(vyi—Vai
We thus obtain a new imaginary number 82( 10 V20) ; whose real base is € (V1 = v24)

T T
We must also know that; the numbers @z("1i=v20) gng @2(V2i7"1i) gpe opposite imaginaries. Because
n T 7T
ez(v2ivii) _ o= 3(vii=va)) _ _ o3(v1i=v2i)

. . . . - L )] L ) . 2km(vy,; — v3;) 2km(v3;—vy)
Likewise we will have the imaginaries €2%%!" "3t/ and €2\ "3~ " of respective real bases € 175U and € AL

We obtain three more new secondary bases; thanks to this priority rule.
= eZR”(Vl,i—”z,i) and ss; = eg("l,i—vz,i)
)L

" S4-,r
n SSr — eZkTE(Uz,i—Us,i) and S6i — eg(vli_v&i)
" See= e?kn(vsi=vi) g Sup = eg(”&i“ﬁ.i)

What we can add is that; the rotation planes of these new bases are inclined in relation to the planes of the intermediate bases already
proposed. A comparison would be necessary, with the planes of rotation of electrons around an atom, to have a precise idea of all the
planes of rotation of hyper-complex bases.

3.4.2 The complementary upper bases.
If we have to multiply:

s s T T T T T
e;vl,i X e;vz,i X (_e;vs,i) — eEULi X e;vz,i X e—gv3,i — e;(VLi*’Uz,i— v3,;)

(v,i+v2,i—v3,) 2kert(vy,i+V,i~ v3,i)

T
We thus obtain a new imaginary number €2 whose real base is €

T T
L . : - X, +v5 -1 Mvg; +v1 =2 . 2k P+ V3~V
Likewise we will have the imaginaries €2(2i*V3i7%1) ang @2("3i*V1i7%2i) of respective real bases @2KT(V2i*Paivii)

and eZRH(Vs,i +v1‘i—v2,i)'
We obtain three more new upper bases.

= 82"”(”1,#”21— v3,1) SWa,i+v2,i~v3)

" Uy, and uz; = €2
-y, = ezkn(v2,i+v3,i—171,i) and u,; = eg(”2~i+”3,i—v1.i)
. Uy, = 82]‘”(”3,1' +v1,1-V2; ) and uy; = eg(v&i +v1,1-V2,)
So:

T T
The opposite of the imaginary number gz(1itv2imvai) g @3(Vai—vai—vai)

s s
The opposite of the imaginary number e2(v2i*vaiv1i) g @3 (V1iv2im va)

T T
The opposite of the imaginary number @2V tviimvai) g @3(V2i= vaimvid)
3.4.3 General expression of a “superimposed hyper-complex” number h

We can give a general algebraic formula for “superimposed hyper-complex” numbers; expressed with primary, intermediate and higher
bases, in 6-dimensional hyperspace. This general formula is given by:

3 4
[qr=zxnrvnr+zanr5nr chrunr

n=1 n 1

Zynlvnl +anlsnl +Zdnlunl

This general expression of h; whose writing includes the primary, mtermedlate and hlgher bases, allows you to perform algebraic
calculations with “hyper-complex superimposed” numbers in 6 dimensions without taking into account their geometric aspect. What
is certain is that; for dimensions n > 4 even locating the orientation and direction of the imaginary bases requires; extensive
knowledge of the properties of associated hyperspaces; such as the concept of hyper-angle. We can thus say; that the three (03)
primary complex bases hide six (06) intermediate complex bases and four (04) upper complex bases in the set S3;3).

h=gq,+q; where
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3.5 Orbitals of set S3; 3)
We note that the set S35y has:

e Three (03) primary complex bases of module p; = V1 =1: {U1,r ; Uz,i} ; {vz_r ; v3‘i} and {v3‘r ; V1,i}- The orbitals with pri-
mary complex bases are circular with radius r = 1.

o Six (06) intermediate imaginary bases of module p, = V2 and real module p, = 1:
{SLT; Sz,i} ; {sz‘r; 53_1-};{53]; 51,i}}{54,ri Ss,i}} {Ss,ri S6,i} and {sﬁ,r; Sl,i}- All are linear combinations of primary bases
two by two. The orbitals with intermediate complex bases are elliptical with semi-major axis a = p, = V2 and semi-minor
axis b = 1.

e Four (04) upper imaginary bases of module p; = /3 and real module p, = 1: {ul,r ; uz,i}; {uz,r ; u3,i} ; {u3,r ; u4,i}
and {uw ; ul’i}. All are linear combinations of the three (03) primary bases. The orbitals with intermediate complex bases
are elliptical with semi-major axis a = p; = v/3 and semi-minor axis b = 1.

We can say that the bases of the complex hyperspace E; 3) are distributed over thirteen (13) levels. If we consider these levels as
orbitals, we have:

e Three (03) circular orbitals of radius p; = V1 = 1.

e Six (06) elliptical orbitals of radius with semi-major axis a = p, = V2 and semi-minor axis b = 1.

e  Four (04) elliptical orbital with semi-major axis a = p; = /3 and semi-minor axis b = 1.

Which gives an analogy with the structure of the possible orbitals of electrons, which orbit the nucleus of an atom. What is certain; is
that if the hyperspace orbitals E(3, 3 are not sufficient to explain the distribution of electrons around the nucleus; there exist higher

spaces E(g,9); E27;27) 5 weeveene i Etn;ny @and E(3p; 3y ; Which we will define in the following parts.
3.6 Applications “real product” ®'. and “imaginary product” ®'e to determine the product of hyper-complex
bases.
To simplify the calculations, let us define the applications, which we will call Euler products; the products noted: ®?, the real product
and ®. the imaginary product.
3.6.1 The imaginary product ®'c rules
Considering V; = eg(“1v1,i+“zvz,i+“3vs,i) and V/ = eg(‘h"ﬁ,i"’az’Vz,i+“3lv3,i)
L l

The imaginary product ®., of the two imaginary bases V; and V; is:
R W.; v) = eg(“lﬁ,i"'az”z,i"'az”z.i) X eg(lh"ﬁ,i"'“z’Vz,i+a3'”3,i) where a, € {0; 1}

e\Vi» Vi b .
We must then define the following applications, which we will associate with the imaginary product ®: :

Considering the sets H = {0 +4p;1+4p;2+4p;3+ 4p} (pez);, I={-1;0;1}and J ={—1; +1} and the applications; f
and S, ; defined by:

(f(O+4p)=0

- Jfa+4p) =1

= f(H)=1Isuchas: F(2+4p)=0
fB+4p)=-1

. = . = ) _ [So+(0+4p) =+1
Sue=({0+4p;2+4p}) = Jsuchthat:5,, s = {SM(Z +ip) =1
Then the imaginary product application is defined by:
®2(Vi AT eg(“lvu"'az”z,i"'azvz.i) X e%(all'h,i"'“z’Vz,i+a3'1’3,i)
» Vi
Q! (Vi3 V) = (Syu X Sp4) ¥ eg[f(lh"'aﬁ')XV1,i+f(az+062')sz,i+f(“3+“3')><173,i]
e L l , T o
And we have:
®L(V;; V1) = (Sou % S,4) X @2 X [/ +40) Thy v, i+ (3+4D) Tinm Vi,
e |4 l , T ,E
If we note []; = S+ x S2+ we will have:
®i (V . V') =11 x e%x[f(1+4p)Vn,i+f(3+4'p)vp,i]
e\Vi,» Vi i

3.6.2 Real Product Rules

We geometrically deduce the corresponding real product by the rotation R( _E) of the imaginary product and by the transfor-

O;Z

mation T.
We have: ®%(1.; 1)) = ezkn(alvl’i+a2v2_i+a3v3_i) % ezkn(al'vl_i+a2'vz_i+a3’v3,i)
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(VL V) =To R(o;—g) (Hi « [eE(Ullvl,H'OtzUz,i+a3173,i):| xTo R(o;—g) [e;(al’v1.i+az’vzli+a3’V3,i):|)
-5(0

% [eg(alv1,i+azvz,i+“3173,i) X eg(‘h"ﬁ,i"‘az’Vz,i+“3’173,i)])
i

®L(h; K =Te R,
So we have now: ®L(V.; I.) = ToR(o;_g)[ni x @5(V; 5 V"]

With R(o;—g) the rotation with center O and angle —g in the plane of rotation and T the transformation defined by
T(X vni) = 2 Vnyre-

3.6.3 Examples:
> Examplel:

Let us calculate s,; X s3; :
s

We can put  s,; X 53; = €2
LA LI T, T
Sy X S3; = €2 x @272 x @272 x @273

n T 2 T
eg’ﬁ,i X (e;vz,i) X e;v3,i

(V1,i+v2,0) x eg(vz,i"'%,i)

Sz X S3; =
s
Lo
Sy X S3; = —e2VLitvsi)
S2,i X S3; = =Sy,

If we use the imaginary product, we have:
Sy; X S3; = eg(vl,i"'vz,i) x eg(vz,i“’&i)
52 % 53 = @} [ @212 x @altactvad)]

s
Spi X S3; = ez(vm Vp,i+V3,i)

T
Spi X S e E(V1,L+V3,1)

Spi X S3; = =S4
In both cases, we find the same result.
It should be noted that; the purpose of the imaginary product is to bring out from the exponential, the real ones which are formed
inside by cycle. Its interest is; to allow us to do calculations without taking into account the multiplication table.
Noticed:
If £(2 + 4p) appears twice (or more) give priority to the corresponding intermediate imaginary base (or upper base).
For example if we have:

Uy; X Sy; = e%(‘ﬁ,i"’vz,i“’&i) X eg("u“’z,i)

n
Uy; X Sy; = 87(2U1,i+2’72,i+”3.i)

Uy X Spp = eg[z(vl,i*'vz,i)""’&i]

Uy X Sy = eg[z("l.i‘*”z,i)""’&i]

3
Z[2s, i+vs;
uZ,i X 52,i = ez[ S2,i 173,1]

T
Uy X Sy = €7 273
Ui X Sz = —V3;
We must notice that: if we give priority to the intermediate and upper imaginary bases, we lose the associativity of the imaginary
product. However, as | specified in the paragraph (4.2.10 p21), if we define a multiplication sign rules linked to complex superposition,
the property of associativity will be preserved.
» Example 2:
Let us calculate 55, X s -
Sgy X Spp = ®£(eZkTE(Vs,i+V1,i) ; eZkTE(Vz,i"'Vz.,i))
S3y X Spp=To R(O ; _g) [Hi % ®é (e%(”s,i“ﬁ,i) . eg(vz,i“’s,i))]

T
S3;p XSy, =To R(O ) _E) [l_[i X eg(v1_1+v2_l+2v3,l)]
T2
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Sar X 52, =T o Ry, _m [(5) X (= —yeavad]
Szr X Syp=To R [e 2(”11‘“’21)]

e 2kn(v1rl+v2’1)

53,1' X SZ,T
53,1' X SZ,T = Sl,r

We must take into account, that all the primary, intermediate and upper real bases have the same module. All their module are equal
to 1. Which means that the purpose of the real product is not only to make a calculation but to determine their geometric orientations.

3.7 Hyper-plane P3;3) associated with the hyper-space E|3; 3) of dimension 6.
We know that a hyper-complex number of dimension 6 is written in the form:

h= (X101 + Xy Vo + X3,03,) + (V1,100 + VaiV2i + V3,iV3,:)

If @y = X1,V1p + X040 Vo + X3,V3and q; = Y1V1; + V2, V2i + V3iV3

Then h = g, + g; where g, is a real number of dimension 3 and g; an imaginary number of dimension 3. We have the equality:

2k (0,4v2,i+3) Vi, + Uy — V3, (With k = 0).
The number u, ,- designates the real base of module p = V3.
S0:qr = qr X ul,r_1 X Uyp

r= (xl,rvl,r t X2,V + x3,rv3,r) X ul,r_l X Uyy

r= (xl,rvl,r X ul,r_l + xZ,rvz,r X ul,r_l + x3,rv3,r X ul,r_l) X ul,r
-1 _ vz e—ZR”(U1,i+V2,i+”3,i)

Uy = Vip X Vpp X V3p = e

vl,r X ul,r
_ 2kmvy i -2k itV itz

Vi XUy, 1_ ®£ (e TV2,i ;e T(v1,i+v2,i+v3)
—2km(vq j+Vy i +V3 2km(vy j+v5 i+V3

We must know that; @ 2KT(1i+v2itvsi)  @2km(vyitva s i)

vy, X ul,r_l — ®£ (ekaiz’i ; eZk”(vl.i"'”z,i"'"z.i))
[H- X ®L (egvz,i i eg("l.i“’z,ﬁ”s.i))]
[H L ez(v11+2v2[+v3 L)]

Vip XU, '=ToR o,

0;
o, [( ) (= )ez@’““’“)]

(0:-
Vip XU, P =To R(
Vip XU, t=To R(

— 2k itv3;
vy Xy, T = @D

-1 _
Vi X Uy = S3r
In the same way, we obtain:

Vyr XUy, "t = QF (ezknv&i % e—Zkﬂ(Vl,i"'Vz,i"'Vz.,i))
- 2kmvg i 2km(vq j+vq i+Vv3
vZ,T X ul,r 1 ®£ (e V3, X e T[( 1,iTV2,i 3,1.))
- “(v1,itvo it
Vyr X Upy ! =T°R [H ><®l (82”31 xez(”“ V2 U3L))]
-1
Vo XUpyp = = S1p
U3y X ulr_l = Q. (ez’mvli X e_ZR”(vl.i+V2,i+U3.i))
- 2kmvy ; 2k AV V2§
V3pr XUy y =@ (e it x e (vi+va; 173,1))
- +vy i+
V3 X Uy 1 T o R [H X ®l (ezvu X ez(”u Va,i U3L))]

-1 —
v3,r X ul,r - Sz,r
Whence ar = (xl,rs3,r + X2,rS1,r + x3,r52,r) X Uir
qr = (xz,rsl,r + X355, + xl,rs3,r) XUy
We can clearly see that x;,5;, + X3,5,, + X153, is a linear combination with real coefficients and real bases.

If we designate by the number a,, this linear combination with real coefficients and real bases of dimension 3 such that:

Ayr = XorS1r + X3rS2r + X153,y
So r = Qq7Uyr
Likewise, we have the equality:
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b T T T
Uy = Vg X Vyy X Vg = ez x @72 x @73 = e;("1,i+vz,i+v3.i)
The number u, ; designates imaginary base of module p = V3.
S0:q; = q; X Uz "t X Uy
@i = (V1,000 + Yo,V + V3,V30) X Uz ™t X Uy
Qi = (V1,000 X Upi ™0+ Yo,iV20 X Up ™+ Y303 XUyt X1y

T s T
Vi X Uy 1-ez"tixe 2(”1,1 V2,i+V3,) =€ 2(”2,1 v3,i) = —53;
If we use the imaginary product; we obtain:
T T
_ YR L vy va s
Vi X Up; 1 _ ®le (ezvl,l X e z(vl,l V2,i ”3,1))
T
Vg X Up 1 ez( V1,i~V2,i~Vs3,;)
-1 E(—Vz i~V3 i)
Uy XUyt = €20 R
-1 _
Vi XUp; ~ = —S3
In the same way, we obtain:
T T T
B T T s it va LY
Uz,i X uz,i 1 ezvz,l X e 2(U1,L V2,i 173,1) — ez( V1,i V3,l) — _Sl,i
-1 T3 - S (v1,i#v2,i+v3)) H(-v1i—v20)
U3,i X uz_i = ez X e 2 ’ ’ = eZ ’ = _SZ,i

Whence: q; = (=¥1,i53i = ¥2,i51,i = V3,i52,0) X Uz
q; = (—}’2,i51,i — V3,iS2i — yl,i53,i) XUy,
We can clearly see that —y,;$;; — ¥3;S2; — ¥1,;S3,; is a linear combination with real coefficients and imaginary bases.
If we designate by the number b, ; this linear combination with real coefficients and imaginary bases of dimension 3 such that:
byi = —¥2iS1i — ¥3,iS2i — Y1iS3i
S0 q; = by Uy,
Therefore: h = a; Uy + by Uy
All this shows that the hyper-complex numbers h of the set 3,3y can be written in a plane complex form:
h=ay,uyr + byity;;
a,, alinear combination with real coefficients and real bases of dimension 3.
b, ; alinear combination with real coefficients and imaginary bases of dimension 3.
Thus we obtain the hyper-plane P33 associated with the hyper-space Es.3).
So we can associate the hyper-complex number writing h = a, ,u; » + b, ;u, ; of dimension 6 the following multiplication table:

X Uy Uz,
Uy r Uyr Uz
Uz Uy i —Ur

Table 5: Multiplication table of upper base {ul,r ; uz,i}

Thus, the rules of multiplication in S35 are the same as those in S4,4. Consequently the operation x of the multiplication associated
with the Euler products ®7 and ®: in the set S(s;3) is @ commutative, associative and bilinear operation and admits as element

2k Vo itV
neutral u;, = € (ve,itva,i4v3)

We can conclude that S 5.3y equipped with the internal operations + and X is an associative, commutative, unitary and bilinear algebra
on the hyper-complex number set S3,3).
For a hyper-complex number h = a, ,u, , + b, ;u,; of dimension 3; its corresponding direct similarity matrix is written as follows:
a1 —byy
Mo(h) = (bz,i ar )
3.8 Subsets of S(3; 3
The set S35y is a superimposed set with 3 real and imaginary dimensions. The subsets of S 3,3y are superimposed sets with real and
imaginary dimensions less than or equal to 3. Thus we distinguish the subsets:
Of type S(p;p) With m < 3 and p < 3. There are 2% — 1 subsets for these types.
Of type S3;3)\(m;p) the subsets of S3.3) deprived of the bases of ;). There are 2% — 2 subsets for these types.
To this must be added the subsets of S5,3y deprived of some real or imaginary bases

GSJ© 2024
www.globalscientificjournal.com



GSJ: Volume 12, Issue 8, August 2024
ISSN 2320-9186 814

3.9 Study of the case where the primary real bases are superimposed on the same axis

We know that, all real bases (primary, intermediate and upper) have the same module p,, = 1. Therefore, we can study the case where
the primary real bases are superimposed; by asking:

Vip = Vop = Vsp = Vp

We will then have for any “superimposed hyper-complex”:

h=x1,V1, + X, Vo + X3,V3r + V1V + V2,iV2i + V3,iV3,

h = %1, + X0,V + X3,V + Y1V1 + Vo, V2i + V3iV3

h= (X + Xop + X32)Vr + V1,010 + Vo,V + V3, V3

If we pose that: x;, + x5, + X3, = X,

We obtain the equality h = x,v, + Y1 ;U1 ; + ¥2,V2; + V3,V3;

This expression of the “superimposed hyper-complex” h is given with the primary complex bases. Geometrically, we can say that; v, is
the real base carried by the unique hyper-axis defined as, the unique axis perpendicular to the imaginary hyper-space
E;3) = {(171,1- 5 Vo v3’i)}. Which corresponds to the subset S, 3.

However, we know that the three real bases hide intermediate and upper bases. So we can associate; any “superimposed hyper-
complex” h in the subset S4,3) ; for its general expression the following multiplication table:

X Uy Vi | V2, | Vai | S1i | S2i | S3,i | Sai | Ssi | Sei | Uri | Uz | Uz | U,
Ur Uy Vii | V2i | Vsi | S1i S2,i S3,i Sa,i Ss,i Sei | Uni | Uzi | Uzi | Us,
Vii | Vi Uy S2,i S1i | Vsi | V2| Uzi | V3 | V2,i | Usi | Sei | =S3,i | “Se,i | S3,i
Ui | V2,i | S2i | “"Ur | S3i | Ui | "Vai | Vs | Uai | Vi | Vsi | Sui | S1i | Sai | ~Sai

Ui | VUsi | S1i S3,i U | Vi | Uz | V2i | Vg | Uri | V2 | =Ssi | =S2,i | S2.i Ss,i

S, | Sz | V2, | Vi | Uz | S3i | YUr | Sir | S3i | Vr | Sai | V3 | V3| V3 | Vs
53,1 53,1 uZ,l v3,l vZ,l 52,1 Sl,r “Ur 55,1 Sl,i “Up vl,l vl,l 171,1 vl,l
Sai Sai V3 Uy V1,i “Ur S3i SS,i ~Ur 'SG,L 'Ss,i Vai 'vz,l Uy 'UZ,L
Ss,i Ss,i Vi V1,i Uq,i Se,i Ur S1,i ~Se,i “Ur ~Sai Vi | V3, Vs,i Vs,i
Se,i Se,i U3, V3 Vi S2,i Sa,i Ur Ss,i Sai Uy U1, Vi Vi Vi
Ui Uy,i Se,i S1,i ~Ss,i V2, V3 | Vi, Vi V3, V1,i “Ur “Ur “Ur “Ur
Uz Uy, '53,1 'Sl,l '52,1 'Uz,l -v3,l 'Ul,z -UZ,L -U3,l -vl,l Uy Uy Uy Uy
Uz Uz, 56,1 Sai S2,i Uz,l V3 'Ul,z Vyi V3 vl,l Uy Uy Uy Uy
Ugi | Ugi | S3i | “Sai | Ssi | V2,0 | Vi | Vii | V2i | Vi | Vi | Ur | Ur | “Ur | U

Table 6: multiplication table of subset S¢y,3y when v, =v,, = v3, = v,
The data used to establish table 6 are listed in the appendices on page 25.

3.10 Extension of set C by superposition of two complex planes
Let us consider the complex planes (O ; v, ; v;) and (O ; v, ; v;) defined by:
e Such that any number s; € C; affix of a point M; of the complex plane (O ; v, ; v;); we have: s; =a+yi (witha€eR;
y € R and i an imaginary number such that: i? = —1).

T .
We associate with this plan the complex base {1;i}; where i = €2".
e Such that any number s, € C; affix of a point M, of the complex plane (O ; v, ; v;); we have : s, = b +zj (with b € R ;
z € R and j an imaginary number such that: j2 = —1)

We associate with this plan the complex base {1; j}; where j = €2/,
If we superimpose the complex planes (0 ;v,; v;) and (O ; v, ; v;) orthogonally; we obtain the superimposed complex space
(0; vy ; v;; vj). Thus there exists a superimposed hyper-complex number s such that: s = s; + 5,
We then have: s=a+yi+ b+ zj
s=a+b+yi+z ;if weputx = a+ bwe will have.
S=x+yi+zj
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We can therefore define the three-dimensional set C 4,5 as an extension of set C by orthogonal superposition of two complex planes.
In this configuration the real axis (O ; v;.) is perpendicular to the imaginary plane (0 ; v; ; v;).

To the set C(4,) ; we can associate the following multiplication table.

X 1 ez ezl |eZith | @3i-n
1 1 ezl ezl |ezi+h | e3i-n
ezt ezl -1 ezit) | ezl ez’
T . T . T, | - .
ez’ ez’ | ezt*h -1 ezt ezt
ezi+) | @3i+h | @3] es! 1 -1
ezi-N | ezi-n| @3 ezt 1 -1

Table 7: multiplication table of C(4,5)
The data used to establish table 7 are listed in the appendices on page 28.

T, . . I - m,. .
Note: €2U79 = —@27. 50 no need to put € 207 i the table.

4 SETS S(g;g) HET ; S(n;n) ; S(3n;3n)
4.1 Algebraic space Sg;9)

4.1.1 Construction by orthogonal superposition.

Intuitively, it is difficult to visualize the addition of the 4th dimension and subsequent dimensions. However, we can obtain the algebraic
space Sq,q) by an orthogonal superposition of three hyper-planes of dimension 3: P(s.3) ; P’(3;3) and P”(3;3).

P(3;3y: Hyper-complex plan associated ~with real bases {vl,r;v”;v”} and imaginary bases {vl,l-; Vi v3,i}; of upper

base {1, ;us;}-

P'(3,3): Hyper-complex plane associated with real bases [v4,;175_r;v6,r} and imaginary bases {v4‘i; Vs v6_i}; upper ba-

sis {Uz,r ;u3,i}.

P"(33): Hyper-complex plane associated with real bases {v7‘r;v8_r;v9‘r} and imaginary bases {vu; Vg vg‘i}; upper base

{u3,r Ful,i}
The orthogonal superposition of the hyper-planesP3 ; P33 and
P 3.3y — P'(3.3y — P"' (3,3 — P (3.3) ; gives us a geometric hyper-space:
Eg0) = P(3iz) L P'apy L P (3i3)-
Considering h; = a;,u,, + b, ;u,; the affix of a hyper-point of the plane P33,
ai, alinear combination with real coefficients and real bases
b,; alinear combination with real coefficients and imaginary bases

= eZR”(V1,i+V2,i+U3,i) = eg("l,i"'”z,i*"’a,i)

Uy g and uy;
If hy = ay,uy, + bs;us; is the affix of a hyper-point of the plane P’ (3.3,
a,, alinear combination with real coefficients and real bases

b3; alinear combination with real coefficients and imaginary bases

_ ezkn(v4_i+ Vst Vg i) — eg(w,i‘* Vs, i+ Ve, i)
r

Uy, and ug;
If hs = as,us, + by;u;; is the affix of a hyper-point of the plane P (3.3,
as, alinear combination with real coefficients and real bases
b,; alinear combination with real coefficients and imaginary bases

Uy, = 62]‘"(”7,1"" vg,i+Vq ;) and U = eg(vzﬁ' vg,i+vg,i)

Then at any point M in the space, E(9,9) we can associate a number h = hy + h; + h
We therefore have: h = (al_rul_r + bzyiuz'i) + (az'ruz'r + b3,iu3_i) + (a3_ru3_r + bl,iul,i)
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h=a, Uy + @y Uz r + A3pUsy + Dyl + by iUs; + baius;
The hyper-complex writing of the number h of dimension 18 includes two parts:
Arealpart g, = a1, Uy, + Ay Uz, + A3, Uz,
Animaginary part q; = by ;uy; + by uy; + by jus;
E(q,9) is therefore the superposition of a hyper-space with 9 real dimensions and a hyper-space with 9 imaginary dimensions:
By, = {V1,r 3V 5 eer eee en e e e e s e ;vg_r} and By; = {U1,i H N T - vgli}
We note: E(g:g) = {(ULT O ;vgjr) ; (171,i H N R vg‘i)}
2kl (vp. )

eg[zz=1(vp,i N withk =0

Thus the upper base of the set S q.q) is: {
4.1.2 Hyper-plane P;9)

The geometric and orthogonal superposition of the planes P33y ; P'(3,3) and P (3.3) gave us the hyperspace Eq.9) associated with the
set S(q,0y has 9 real dimensions and 9 imaginary dimensions.

If we note ‘/EVLT = eZR”[Z’g’:l(vp'r ) and ‘/?,Vu = eg[z?m(”vi ) the upper bases of the set Sq,) and of module p, = V9 = 3; then
for any number h € So.5), there exist two numbers X, , and ¥,; such that:

qr = Q17U r + Az Uy +as, Uz, = Xl,r\/?)vl,r

i = byt + byt + bz = Y VoV,

Sowe have: h = X, YoV, , + Y, VoV,

X1, a linear combination with real coefficients and real bases of dimension 9 and module 1. If we denote ‘/ESZ,_T the intermediate
real bases of module 1 then: X; , = Zg=1(aw ‘/ESZ,_T) withp € {1;2;3} and a,, the real coefficients of h.

Y, ; a linear combination with real coefficients and imaginary bases of dimension 9 and module pg = V6 . If we note ‘/,g,Sn,i the inter-
mediate imaginary bases of module pg = V6 then: Y, = 213;=1 by, ‘/ESp_i withp €{1;2;3}and by, i the imaginary coefficients of h.
Thus we obtain a complex hyper-plane P .9y With 9 dimensions of bases greater than {‘/?,VM ; ‘/?,VZJ- }

We can also write the numbers X; ;- and Y, ; as a linear combination respectively of the 9 intermediate real bases of module 1 and the
9 intermediate imaginary bases of module 1.

Thus X, = Z?,:l(ap,r ‘/ESW) with @, - the coefficients of the initial real bases and \/gSpyr the intermediate bases of module 1.
AndY,; = 22:1(%,1’ V?,Sp,i) with b, ; the coefficients of the initial imaginary bases and ‘/ESM the intermediate bases of imaginary
module pg = V8.

4.1.3 Subsets of S

In addition to the set S35y and its subsets we distinguish the subsets S,y with3 <m <9and 3 <[ < 9suchthat:ifm =9 then
[<9andifl =9 thenm <0O.

The upper bases of the subsets S, are respectively:

@Vl,r = @#mlZp=1(pr )] veq) base

Lo .
ngz,i = ezlZo=1(pi)] . Imaginary base
Thus the set S(q,q) inherits the algebraic properties of the set S3;3). This construction carried out by geometric superposition gives
the set S(q,) an algebraic structure of dimension 18. Consequently Sq,q) is a C -algebra.

4.2 Algebraic space Sn;an)

4.2.1 Complete C -algebra

Considering S¢,.n) and  S,p) two C-algebra of dimensions n and p. We can say that:
Sn;ny is a complete C -algebra if n = 3k withk € N

S;p) is a complete C -algebra generated by the complete C -algebra S, if p = 3n.

4.3 The complete C-algébre Sn;an)
If Py is a hyper-plane associated with S,.,)a complete C-algébre in 2n dimensions, with real and imaginary bases

{(Vir 3 Var 5 eee ven o S Vnr} s VL3 V25 e e e ; Vn;}, then there exist two other hyper-planes P’ (., associated with S'(,.,,y a 2n di-

mensional C-algebra, with real and imaginary bases {Vini1)r;Vnszyr; o oo oo Vane} 5 V1) s Vina2yi s o oo oo ;Vani} and

P" (4. associated with S ,,.,) a 2n dimensional C-algebra, with real and imaginary bases {Van+1)r 5 Vanszyr i o v oo } Vanr) s
GSJ© 2024
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{v(2n+1),i ; U(2n+2)'i RTTRTTIS ; U3n‘i}.

Under these conditions the orthogonal superposition of the hyper-planes Py ; P'(n:n) and P"(n;n) gives us a hyperspace

E(3n;3n) = P(n;n) 1 P,(n;n) 1 P”(n;n) noted:

E(3TL;3TL) = {(vl‘r ;vzjr J eer wes wee wae ;v3n,r) ; (vl’i ; UZ,i TR TR v3n,l)}

Consequently, the set Sp3nyis a complete C-algeébre generated by the complete C-algebre S, with higher bases:
3n . Try3n .

@VLT = €2k"[2p=1(vp'L)] and @szi = BZ[ZP“(UW )l respectively the real basis and imaginary basis (where 2n is the dimension

of S(n‘n))

4.3.1 Hyper-planes Pn;3n)
The geometric and orthogonal superposition of the planes P (,.,) ; P'(n;ny and P” ..,y gave us the hyperspace E(3,,3y,) associated with
the set S(3p,3,) to 3n real and imaginary dimensions.
If hy = XL,‘/EVM + Yz,i\/sz,i is the affix of a hyper-point of the plane P ;)
X1, alinear combination with real coefficients and real bases
Y,; a linear combination with real coefficients and imaginary bases

\/ﬁVLT — eZkT[[Z?:l(Up.r )] and \/EVZ,L' — eg[zg=1(vp,i )]

If h, = Yl_r‘/EVz_r + Zz,i\/ng,i is the affix of a hyper-point of the plane P’(;.,
Y, alinear combination with n real coefficients and n real bases
Z,; alinear combination with n real coefficients and n imaginary bases

2n Troon '
\/EVZ,r — ezkn[Zp:nH(vp,r ) and \/EV&i — ez[zp=n+1(vp.l )]

If hy = Z1,r\/gV3,r + X2,i\/§V1,i is the affix of a hyper-point of the plane P",,.,,)

Z,, alinear combination with n real coefficients and n real bases

X, alinear combination with n real coefficients and n imaginary bases

\/EV&T — eZkT[[Z%ZZn+1(Up,T )] and @Vl,i - eg[zzz?:lanﬂ(”p,i )]
Then at any point Min the space, E(3y;3,) We can associate a number h = hy +hy + hs
Therefore, we have:

h= (X0, 5Vir + Y oV0) + (X Wy + 95,005 ) + (Xa, Ve, # Vil )

h= X1,r\/§V1,r + Xz,r\/EVZ,r + X3,r\/§V3,r + Y1,i\/§V1,i + Yz,i\/gvz,i + Y3,i\/§V3,i

The hyper-complex writing of the number h of dimension 2 X 3n = 6n includes two parts:

Areal part g, = Xl_r‘/ng_r + Xz,r\/gvz,r + X3_r‘/§V3yr

An imaginary game q; = Y1,i\/§V1,i + Yz,i\/sz,i + Y3‘i‘/EV3_i

Then for any number h € S(3,,3,) , there exist two numbers Ay, and B,; such that:

h= Al,r@vl,r + Bz,i@VZ,i

With A4 , a linear combination with real coefficients and real bases of dimension 3n and module 1. If we note @Spyr the intermediate
real bases of module 1, then: 4,, = Zgﬂ(XW @SW) with p € {1;2;3} and X,, ; the real coefficients of any number
h e S(3n;3n)-

With B,; a linear combination with real coefficients and imaginary bases of dimension 3n and imaginary module p,, = V2n. If we
note @Sp_i the intermediate imaginary bases of module p,,, = vV2n then: B,; = Y1V @Sw- withp € {1;2;3} andY,,; ; the
imaginary coefficients for any number h € S(3p,.3).

Thus we obtain a complex hyper-plane P (3.3, With 6n dimensions of bases greater than {@Vl_r; @Vz_i} of real module 1 and
imaginary module p3, = V3n.

We can also obtain the hyper-plane with the numbers A, ;. and B, ; from linear combinations respectively with the (2n — Dth real
module bases 1 and imaginary module bases p,,_; =V2n —1

4.3.2 Subsets of S(n;3n)

In addition to the set S,y and its subsets we distinguish the subsets S,y with n < m < 3n and n < [ < 3n; with special cases: if
m = 3nthenl < 3nandifl = 3nthen m < 3n.

The upper bases of the subsets S,,,;) are respectively:

@Vl,r = @?Z5= ()], eal base

GSJ© 2024
www.globalscientificjournal.com



GSJ: Volume 12, Issue 8, August 2024
ISSN 2320-9186 818

Tl ,
‘/ZVz,i = 62[27”:1(”’”)]: imaginary base

4.4 Change of orbital and hyper-space
We saw above that the set S,.,,) (a complete C-algébre of dimension n) and its subsets all have primary bases; intermediate bases
and a higher base of respective modules: p; = V1;p, = V2 ;p3 =V3; e, ; Pn = V. Which is already consistent with the
non-continuous distribution of atomic orbitals.
We know that multiplying bases leads to a change of bases and therefore a discrete variation of their modules.

e  For example for the set S35y if we do the product of the base v, ; by the base v,; we have:
T

T T
L v LI
Uy XUy = €2 X @272 = ez(Vitvad) =

We have a passage from p; = V1top, =2
e Then let's make the product

S2,i

T T T
2V3,i S(V1,it+V2i Z(Vq 4V 4V ¢
V3 X Sp; = €273 X ezviitv2) — o7 (v1itv2,itvs) _ Uy,

We have a passage from p, = V2 to p; =3
e Andinversely we have

™ I3 T T
S(V1,itV2i+Vv3 SV2,i S (V1,i+2v,i+v3 S(V1,itvsi
Up; X Uy = e2WLitv2itvs) o p3vai — Ez(Vit2v2itvsd) _ez( 1itVsi) _ 51

We have a transition from p; = V3 to p, = V2
o Likewise

Uy X Sy; = eg(v1,i+vz,i+v3,i) % e%(’h,i“’z,i) — eg(zv1,i+zvz,i+vs,i) — _e%”s,i = —v,,;
We have a transition from p; = V3 to p; = V1
e Now what about the change of hyper-space?
Let us make the product of
e%(%,i"’”z,i"’"a,i) % eg(vl,i+vz,i+v3,i+v4,i) = e§(2V1,i+2vz,i+2”3,i+v4,i) — _e%’h,i ¥ ..

Which means that we completely leave the set S 3.
All this is like jumping from one orbital to another.

4.5 Hypotheses on the distribution and angular orientation of the intermediate and upper bases
We know that, beyond a dimension n > 3; that is to say with the superposition of the three hyper-planes of dimension 6 to obtain
the hyper-space of dimension 18, the notion of angles is difficult to visualize and requires the introduction of the notion of hyper-

angles. In any case, angles of measurement % rd appear in the hyper-space of dimension 6. This means a space where there are the
anglesayg =2m; a; =m;a, = g and az = % . We notice the appearance of a sequel.

Which leads me to propose the following hypotheses for the angles which gives the orientations of the primary, intermediate and
upper bases.

» Hypothesis 1:

2m 2m 2r m 2t 0w . .
(o) ZFZZTC; a, =?=T[; as Z?ZE ; 0y ZFZZ for dimensions 6 §(3;3)
We can then say that, for a dimension 2n we have the angles:

2n 2n 2n 2m 21
0!():2—0;(11:?}0!2:2—2;0!3:?; ......... ;anzz_k

Then we see that the sum of the angles gives the series:

2n 2n 2 2m 2
a0+a1+a2+a3+............+an=2—0+?+§+?+ ......... +2_n
Ifwenote Sp, =ap+a;+a;+as+ .ot ay

o 2 o1
S= Q=2 ) o
k=0 k=0

k=0 1- 5
We can clearly see that the sum of the angles which gives the orientations of the primary, intermediate and upper bases is convergent.

» Hypothesis 2:
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T T T T . .
a; = m = E ; Ay = m = Z ; for dimensions 6 8(3;3)
We can then assume that for a given dimension 2n we have the angles:
_ T T _ T T _ T T _ _ 3
T2 2% T3 2 B Ta—) 6 Tl T o)
Then we see that the sum of the angles gives the series:
T M T T
a1+a’2+0(3++a’n_1=5+z+g+ ......... +2(n_1)
+a,+az+ + —ﬂ<1+1+1+ T )
ata,taz+ iy = > St =D
n— n
T 1 1 1 ]
Say_y EZE n+ZE ; withk € Nandp €N
p:

T 1 T
For n = oo then S%O:EE;:E{(D
p=1

We see here that, in this case, the sum of the angles which gives the orientations of the primary, intermediate and upper bases is
harmonic.

5 CoONCLUSION
We have just seen that if we use the Euler’s formula for complex numbers, we can make an n-dimensional extension of complex
. T .
numbers. For a 3-dimensional extension with real base 1 and complex bases i = €2 " and j= €2’; we see that the multiplication of
complexe numbersi X j=j X i = egi X egf = egj X eg" = eg(”” gives us, in a commutative way, a unique complex num-
ber eg(i D The complex number eg (i) represents the complex superposition of the complex numbers i and j whose module is
equal to V2. Still, in this article we see clearly that we can define a commutative algebra on hyper-complex numbers. All this thanks to
the work of the illustrious and gread mathematicians such as Leonard Euler, Jérdme Cardan, Jean Robert Argand and that who
contributed to making complex numbers a field of study in mathematics. This despite the fact that complex numbers were
considered as an artificial mathematical calculation tool by most of comtemporary mathematecians of thier time.
Here we note some analogies with quantum physics. This allow me to ask myself the question: if it is possible to superimpose two
electric currents in the same electronic circuit in a under control way? This will allow the development of electronic circuits and tran-
sistors capable of superimposing and circulating two different electric currents, in a way to superimposing two binary codes. This offers
a manageable approach and mathematical basis for the development of quantum computing as well as quantum telecommunication.
Can we have here a calculation basis for the development of nuclear fusion reactor based on hyper-complex superposition fusion of
atoms? Likewise, can we see here a calculation basis for supraluminal travel interstellar space by a form of space-time superposition?
Knowing that multiplication of hyper-complex numbers allows jumps from one orbital to another. This Would be in accordance with
Albert Einstein’s theory of relativity; the notion of hyper-plan males it possible to describe a complex space by a plan, just like the
reprensetatin of space time made by this great physicist. We should also note that an application to the zeta function, would certainly
yield interesting results?
However, this is not an exhaustive study. It is up to all the world’s scientific community to improve and perfect it and each of them in
there field of research.
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Appendices

A. Data for the development of table 6
To establish the data in table 6, we will use the imaginary product ®'e defined in paragraph (4.4.1. p24)

T T T
> List of primary bases: vy ; = €2"%; v,; = e2"*! and v3; = €2"3!

T T T T T
> List of intermediate bases: s,; = €231 ; 5, = a@LitV2) ;5 = @22t 5, = ea(V3i V) ; 5 = @a(VniTV2i)
T
and Sei = e;(”z,i-vs,i)

T T T T
> List of upper bases: Uy = e;(”3,i+v1,i—’72,i) ;U = e;(”1,i+vz,i+’73,i); Us; = e;(”l,i*’”z,i—vs,i) and Uy = eg(”z,i*'vs,i—’ﬁ,i)
> Inthesubset S(;.3) we have: v;, =v,, = Vs, = v, (Where vy, = €2K™2i; vy, = e*mi; y, = emi),
a. Multiplication of primary imaginary bases between them:

2

i = _2_ E”Li — pMV1| — _p2knvy; — _ — _
® Ui XV = (Ul,l) =|€z =eu=—¢ = —V3, = Uy
In the following, we will use the same approach for calculating the squares of primary imaginary bases.
T T T
° vl,i X Uz,i — efvl,i X eEUZ,i — eg("l,i"‘”z,i) — SZ,i
2 T, \? .

o Xy = (vy) = (ezvz'l) = ez = -,

LA LIS
o U, XUz; =€z 2 Xez 3 =223 =g,

2 T\ .
o vy Xy =(vs) = (ezv“) = e =—n,

T T )
® v XUVg;=€2 0 Xe 3 =gz 3T =g,

b. Multiplication of the primary imaginary base v, ; with the intermediate and upper imaginary bases:

3 T T T

o v ;XS =ez’lx ezW3itviD) — p3(Wsit2ve) — _p5Vsi — —Vgy
T T T T

o U XSy = e2"1i x e2(M1itV2i) — e3(2V1itv2i) — _p3vai — —vy;

)

T s T
o U XSy; = ez’tix e22itV31) — o7 (W1itv2itvsi) — U
T T T s
o VXS = ezVi x e;(”s,i—w,i) = eE(V3,i+0U1,i) = e2"3i = Vs
V3 T T T
o v XsSg;=e2tix ez(V1iv2) — p3(2v1i=v2i) — _gz(-vai) — —(—vy;) = va,

s s s
o VXS = ezVti x e;(”z,i—vs,i) = e;(”1,i+172,i—173,i) = Uz,

o v Xu,= egvu x e%(vs,i +U1i~Vai) e%(vs,i +204i-) _eg(vs,i i) — _e—g(vz,i “v3i) = —(_Se,i) = Sei
o U XUy = egiﬁ,i X eg(vl,i“’z,ﬁ' v3i) — eg(z"i,i"'vz,# vai) — _eg(vz,i"' v3i) — —S3;
° vy X Ug; = egvl,i X eg(lﬁ,ﬁ'vz,i— 173,i) — eg(z"i,i"'vz,i— V3,i) — _eg(vz,i— 173,i) = —Sg;

o Uy XUy = egvl,i % eg(vz,i+v3,i—1’1,i) — eg(vz,i+‘73,i+0171,i) — eg(vz,i“’z,i) = Sy,

c. Multiplication of the primary imaginary base v, ; with the intermediate and upper imaginary bases:
o Uy XS ;= e%vz,i x eg(vs,ﬁvu) — eg(w,ﬁvl#vs,i) = Uy,

o Uy XSy = egvz,i X eg(lﬁ,i‘“’z,i) — eg(VLi‘*'ZVz,i) — _eglﬁ,i = —vy;

T s s T
o Uy XSy = 2721 x 2(M2itVs) — 7 (2V2itV3i) — _ p3¥si

Vs

° Uy X Sg; = egvz,i X e%("ai‘”l,i) — eg("z,i*'vz.,i—vl.i) = Uy,

o v, XSy = egvz,i X eg(vl,i—"z,i) - e%("l,i”“’z,i) — egvl,i =y

o Uy XSg;= egvz,i X eg(vz,i—vai) — eg(zvz,i—vai) — _eg(—"&i) — _(_Vg,i) = vy,
o vy XUy = egvz,i X eg("&i +yi=Vai) eg(%,i +U1H+0v5;) eg("&i 1) S1i

s s s s
° Uy XUy = ezv2i x e;("u‘“’z,z"’ v3i) — e;(”l.f"zvz,ﬁ' v3i) — _eE(UI.L"' v3i) — =Sy

GSJ© 2024
www.globalscientificjournal.com



GSJ: Volume 12, Issue 8, August 2024

ISSN 2320-9186 822
° Vpi XUs; = egm X eg('ﬁ,i“’z,i— v3;) — e%(”l,i*'zvz,i— v3,0) — _eg('ﬁ.i— v3) — _e_%(vz,i—vu') — _(_541‘) =54
° Vyy XUyj = egvz,i X eg(”z,i+1’3,i—”1,i) = _eg(zvz,i"'”s,i"’l.i) = _eg(va.i—‘ﬁ,i) = —5,;

d. Multiplication of primary imaginary base v3; with the intermediate imaginary and upper imaginary bases:
A P T e s T,

° V3 X Sy = ezV3i x ez(v3,l Vi) — ez( V3,i+V1i) —e2'1i = —vy;

o v3i X SZi = e§v3'i X eg(vLi'H]z,i) = eg(V1,i+Vz,i+U3,i) = u2i

T T T T
° v3i X S3,i — efvﬁl,i X e;(”z,i"'”&i) — eE(VZ,i+2v3,i) — _efvz,i — _172,1'

s s T s
o Uy XSy = ezv3i x e;("z,i—vl,i) = e;(zvz,i—vl,i) = —e 2VLi = _(_Vl,i) =

T T T
o vy XS5, = €273 X ez(v1i=v2i) — gz(vsitvii—vai) — "y

)

T T T T
o vy XS5 = €273 X ez(v2i=v3i) — oz(v2i+0vsi) — p3v2i — vy

)

T T T T
o vy XUy = ez’ x= e2(V3i tv1i7v2i) = o3(2vsitv1imv2i) — _o3(viimvai) — —Ss;
T T T T
o vy XUy = €273 X e2(P1it2it30) — oz(Vaitv2i*+2vsi) — _oz(vaitvai) — —So;
T T T T
o vy Xug = e2v3i x e;(vu‘*’”z,i— v3i) — e;(v1,i+’72,i+0’73.i) = eg(’ﬁ.i*’”z,i) =55,
T T T T T
o vy XU, = €27 X ez(V2i+vsimv1i) — o3(V2i+ 2vsi—vi) — _o3(vai—vii) — _p=5(Viimv2i) — —(=ss:) = s
e. Multiplication of intermediate imaginary bases between them:
2 LR v
o S XS = (Sl,i) = (ez(vs,ﬁvu)) = emWsitvi) = —y_
Here, it must be noted that:
em(sitv1) = _p2kn(vs+vy) — —(ekmvsi x e2km Vi) = _(UZT % v3r)

Knowing that, in the subset S;,3) we had posed that; v, = v, =v3, =1,
So e"Waitvii) = _(Vz,r X v3,r) = —(vr)z == U

In the following, we will use the same approach for calculating the squares of intermediates or upper imaginary bases.

T T T U3
o 5 XSy = 23tV @3 (V1itV2) = o7(2V1,itv2itVs) — _e;(Vz,i“’s,i) = —s,;
n T n T
o 5 XS3;= e2W3itv1) y p3W2itV3)) — o7 (Va,itV2,it2vsi) _e;(VLi*’”z,i) =,
T T T
o 5. XS = ezW3itvi) o e;(”z.,i_vu') — e§(2U3,i +0vy) emsi = —v,
T T T s T
e 5 XSg; = e23i+v1) 5 o3(1i—v20) — o3(2V1i+vsimva)) — _p3(vsimv2i) — _ e 3(V2ivsi) — _(_Sﬁi) = S¢;
T T T T
o 5 XSg; = eE(V3,l+”1,1) X eE(VZ,L_Vs,L) = e;(”u‘“’z,ﬁ'o vai) — eE(Vl,L‘H’z,L) =5y,
2 T i )\
° Szi X SZi - (SZ i) — (eZ(ULH‘Vz,L)) — eTL’(‘ULi+172'i) — _vr
T T T T
o S5, XS3; = e;(”l,i‘“’z,i) x @2W2itV31) — @7(V1,it202i+v3:) _e;("s,i‘H’Li) = -5
' T T T T '
o Sy XSy = ezWitvz) o eg(”3,i‘”1,i) = eg("z.i+173,i+0”1,i) = eE(”z,i‘”’&i) =55
T T T
o S, XS5 = e2("1itv21) x @3(V1i~v21) = @a(201i+0v2) = grviy = gy
T T T T T[
o 5, Xsg; = e2("1it2i) x @3(2i~vsi) = @a(V1it2v2imvai) = _gr(niimvsi) = 73 (aim Vi) = —(=547) =S4
2 L
° S3i X S3i — (53 i) — (ez(vz,1+v3,1)) — en(VZ,i'H]S,i) — _vr
T T T T T[
o 5y, X 5, = e2("2i0) x @3(si i) = @a(Vait2vaitvid) = _ga(vaiTvii) = _em3(Vivai) = —(=ss:) = S5

T s s T
o 53 XSg;= ezW2itv3) e;(’ﬁ,i—"z,i) = eg(”3.i+1’1,i +0vy1) _ e;(”&i"‘”l,i) =51

T T T
o 53 XSg;= eg(”z,i"’”z.,i) X e;(”z,i‘”z.,i) — ei(zvz,i"'o v3) = e = —yp,

2 T — v )\ 2 o
54 XSy = (54,1') = (82(v3" "1.1)) = em(v3i—v1i) = -V,

o 5y XSg= 2331~ V1) % @31~ V2i) — @5(V3i+0VLi=V2) — g3(v3i=V2i) — g 5(V2i=vsi) — —Se.

o Sy XSgi= eg(vs,i—vl.i) X eg(m - v3,) = eg(vz.i—vl,i*'ovs,i) = eg(vz,i—vu‘) = e_g("l.i—vz,i) = —s5;
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2 T )\ b
S5; X S5; = (55‘1.) = (ez(vl.l 1’Z,l)) = e”(vl,z vpi) = -V,

Sg; X Sg; = e%(’ﬁ,i—”z,i) X eg(vz,i—%,i) — eg(”1,i+0172,i—”3,i) — eg(m —V3,i) — e‘g(”&i—%.i) —

2 T e )\ 2 e
S6,i X S6,i = (Sﬁ,i) = (ez(vz,L 173,1)) — eTE(VZJ v3'l) — _Ur

Multiplication of the intermediate imaginary base s, ; with the upper imaginary bases:

Sy XUy = eg(va,i""h,i) X eg(”&i +Vqi—Vp ) — e§(2v3.i+2v1,z—vz,i) — eg[z(”&i +v14)=vp ] — _e‘%vz,i — _(_vz i) =v,;
Note: here, in the imaginary product, we give priority to the intermediate imaginary base s;; = v3; + vy ;.
Whlch glves us: eg[z(v&i +U1,i)_v2,i] = e%[z(sl,i)_vz,i] e _e_gvz,i
So in similar cases, priority is given to intermediate or upper bases.
Spi XUy = eg(v3,i+vl,i) X e%(’ﬁ,i“’z,i"’ v3) _ e§(2v1,i+vz,i+ 2v3;) _ eg[z("l,i*'vs,i)*"’z,i] = _egvz,i = —v,;
S1i X Us; = eg(v3,i+vl,i) X eg(ﬁ,i*’vz,i— v3) _ e§(2v1,i+vz,i+0v3,i) - _egvz,i = —v,;
T T T T
Spi XUy = ezW3itvi) o e;(vz,ﬁ V3,i=v1i) — e;(vz,i+2173,i+0171,i) = —ez"2i = —vy
Multiplication of the intermediate imaginary base s, ; with the upper imaginary bases:
T T T T
Sy XUy = eE(vl,L'H)Z,l) X eE(V3,l+v1,1_U2,1) = eE(V3,l+2v1,L+0U2,L) = —e2"3i = —V3;
T T T n T
Spi X Upy = e;(’ﬁ,i*’”z,i) X e;(”1,i+vz,i+ v3;) — e;(zv1.i+21’z,i+ v3) — eE[Z(V1.i+Vz,i)+”3,i] = —e2V3i = vy,
) = p3(1it20) o o3PtV V30) — oa(2v1i+202i-v30) _ ool2(vitv2)- sl — _po=3Vsi — (0 ) — 1. .
Spi XUz, =€ X e e e e V3;) = Vg
T T T T
Spi X Ug; = eg(vl,ﬁ'vz,l) X eE(UZ,L+v3,l_U1,L) = eE(2v2,1+ 3,i+0vy ;) = —e2"3i = —V3;
Multiplication of the intermediate imaginary base s3; with the upper imaginary bases:
T T T T
S3q X Uy = e22itVsi) e;(”s,i +1i=Va) — e;(zvs,t +vy+0v5) _ —e2V1i = vy,
Sz XUp; = eg(vz,i“’&i) % eg(lﬁ,i“’z,i*’ v3;) - eg(v1,i+21’z,i+ 2v3;) — eg[vl,i*'z("z,i*' 3] = _egvu v ;
T T T T
S3i X Ug; = eE(v2,1+V3,l) X eE(”l.l“’Z,l_ V3,l) 5 eE(v1.1+2"2,l+01’3,1) = —ez"ui = -y
) = p3(2it30) « pa(V2itVai—VLY) _ p5(2v2i+203i-v1:) _ pal2(W2i +v3) i — L3V — _(—1. ) = 1. .
S3i XUy =€ x e e e e V1) =V
Multiplication of the intermediate imaginary base 54 ; with the upper imaginary bases:
T T T T
54'1_ X ul,i — e;(”&z‘”l,z) X eE(v3,l+U1,L_v2,L) — eE(2v3,l+Ov1,l_U2,L) — _e_EVZ:l = —(—Vz,i) = v2,i
Spp XUy = eg(%,i—vl,i) X eg(v1,i+vz,i+v3,i) — e§(0v1,i+vz,i+ZV3,i) — _egvz,i =—v,;
Sai X Uz; = eg(v&i—"u‘) X eg(V1,i+Uz,i—v3.i) — eg(ovl,i+vz,i+01’3,i) — egvz,i =v,;
s T T s T
. .= e2\V3i~ Vi Z\W2,i tV3,i7V1i) — p5\V2,i 3,i74V1i) — p3lV2,i 3i7VLI] = 221l = —qp, .
Sai X Us e(v v )xe(v +V3i=V1) e(v +2v3;—2vq ;) e[v +2(v3,;—v1)] ez’ Vv,
Multiplication of the intermediate imaginary base s5; with the upper imaginary bases:
s T T T s
Ssi X Up; = e;(vu’— ) % e;(”3,i+v1,i—vz,i) — e;(”s,i+2171,i—2”z,i) — e;[”z,i”('ﬁ,i—vz,i)] = —e2"3i = —vy;
T s T T
Sgi X Uy = e;(vu—”z,i) X e;(v1,i+172,i+173,i) - 35(2‘71,1'+0Uz,i+v3,i) = —e2V3i = —vy;
T T T 3
—(V1i—V2i —(V1i+V2i—V3; —(2v1+0v5 j—V3; —=V3;
Ssi X Us; = 6‘2( 1,i—V2,i) X 32( 1,itV2,i—V3) — 82( 1,i 2,i=V3,i) = —g 23 = _(_U3,i) =g,
s s T s
Ssi X Uy; = e2(V1i = 20) w @z(V2itvsivvii) — p7(0V2i+ V3t 0vL) — p3vsi — Vs,
Multiplication of the intermediate imaginary base s ; with the upper imaginary bases:
T T T T
Sei X Up; = eE(”z,L—V&l) X eE(”3,L+V1,L—V2.L) = e§(0U3,L+V1,z+0V2,z) = e2’ui = vy
s s T T
Sei X Up; = e;(vz,i—vs,i) X e;(”1.i+”z,i+”3,i) = e;("i,i+2”z,i+0v3,i) = —e2V1i = —vy
s s T s T
Sei X Us; = e2(v2i = 30) w ez(V1itV2i7Vs) — @z(Vit2v2i=2v3i) — E3lviit2(vaivai)l — _p7vii — —
T T T T
Sei X Ugj = e;(vz,i— v3;) % e;(vz,i +V3=V1;) — eg(zvz,i+0”3,i—v1,i) = —e 2Vui = _(_vl,i) = vy,
Multiplication of upper imaginary bases between them:
T 2
Uy XUy = (ul,i)z = (ei(vs,i +V1,i-”z.i)) = em(v3itviivai) = —p
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Uy X Uy = e%(”z.,i 01—V ) X eg(%,i"’”z,i‘* v3) — eg(Zvl,i"'O”z,i"'z”ai) — eg[z(vl.i""’a.i)] - eﬂ(v1,i+'73,i) = -,
Uy X Ug; = eg("3,i+v1,i—1’z,i) X eg(vl,i"'vz,i—%,i) = eg(Zvl,i"'OVz,i"'O”&i) = emi = —,

Uy XUy = eg("3,i+v1,i—1’z,i) X e%(”z.i"’%,i"ﬁ,i) - eg(ovz.i+21’3,i+0”1,i) = @3, = —v,

Up; X Uy = (uz,i)z _ (eg(v1,i+vZ.i+ v3,i))2 = em(vaitvaitvsi) = g

Uy X Us; = eg(’ﬁ,i‘“’z,i*' v3) X eg(vu““’z,i— v3i) — e§(2V1,i+2V2,i+0v3,i) = eg[z(vl,i*'vz,i)] = em(viitva) = —v,
Up; XUy = eg(vl,i"'vz,i*' v3;) % eg(vz,i‘*vs,i—ﬁ,i) — eg(ZUz.i +2v3 40V ;) _ eg[z(vz,i‘“’&i)] — em(vzitvsi) — —v,
Uy X Us; = (us,i)z — (eg('ﬁ,i“’z,i— 173,1‘))2 = e”(”1,i+172,i— v3i) — -,

Us; X Uy = eg(vl,iﬂfz,i—vz,i) x eg(vz.i“’ai—lﬁ.i) — eg(zvz,i+01’3,i+ov1.i) = @™ = —y,

Ugy X Uyy = (u“)z = (eg(vz,ﬁvz,i—lﬁ,i))z = em(vzi+vzi—v1y) = —v,

We therefore obtain the commutative table for the subset S, .3

» v v W

X Uy Vii | V2 | Vi | S1i | S2,i | S3,i | Sai | Ssi | Sei | Ui | Uzi | Uzi | Ui
Uy Uy Vi | V2,i | V3 | Sui | S2i | S3,i | Sai | Ssi | Sei | Uni | Uzi | Uz | Us
Vi | Vi | “Ur | S2i | S1i | V3i | V2,0 | Ui | V3 | V2 | Usi | Sei | ~S3,i | ~Se,i | S3,i
Vi | V2,i | S2i | "Ur | S3i | Uz | Vai | Vs | Uai | Vi | Vsi | Sui | ~Sui | Sai | ~Sai
Ugi | Ui | S1i | S3i | “Ur | Vai | Uzi | V2,0 | Vi | Ui | Vo Ss,i | “S2,i | S2,i | Ssi
Sii | Suio | V3| Uz | Vai | U | S3i | S2i | Ur | Sei | S2i | V2 | Va2, | V2i | Vi
Soi | Sz | V2 | Vi | U2, | S3i | Ur | Sir | S3i | U | Sai | V3i | V30| Vs | Vs
S3i | S3i | Uzi | Wi | Vzi | S2i | S1r | YUr | Ssi | Sui | Ur | Vai | Vai | Vi | Vi
Sai | Sai | Vs | Uai | Vi | "Ur | S3i | Ssi Vr | “Sei | 7S5, | Vzi | “V2i | V2i | Va2
Ssi | Ssi | V2i | Vii | Ui | Sei | Ur | Sui | Sei | Vr | “Sai | VUsi | Vsi| V3i | Vs
Sei | Sei | Usi | Vai | V2, | S2i | Sai Vr | Ssi | “Sai | VUr | Vi | Vi | Vi | Vi
Ui | Ui | Sei | S1i | Ssi | V2, | V3| Vai | Vai | Vsi | Vii | “Ur U U U
Uzi | Uzi | =S3,i | “S1,i | “S2,i | V2, | V3, | Vii | V2i | V3| Vi | VUr “Ur Uy Uy
Uzi | Uzi | ~Se,i | Sai | S2i | V2, | V3i | Vi | V2, | V3 | Vi | “Ur “Ur “Ur “Ur
Ugi | Usi | S3,i | “Sai | Ssi | V2, | V3i | Vi | V2, | V3i | V1i | “Ur “Ur Uy Uy

Data for the development of table 7

List of primary bases: i = ezl and j= ez’

List of upper bases: e 2D and e 20D

Multiplication of primary imaginary bases between them:

erivesi= (egi)z _emi— _p2kmi_ _q

ezix e = g7

e xerl = (egf)2 —emi=_e?mi_ 4

Multiplication of primary imaginary base € 3 with the upper imaginary bases:
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el x e20th — 5+ _ _p3J
egi X eg(l_]) = eg(Zi_j) = —e_%] = e%]
T .

Multiplication of primary imaginary base € z/ with the upper imaginary bases:

3 s @30+ — p3+2) — _p5i
ez’ xez =ez =—-e2
e3) x e3iN = 3t _ p3i
Multiplication of upper imaginary bases between them:
034 o @R _ (eg(iﬂ))z _ @) = _g 2kt _ _(g2kmi y o2KT) _ _(1x 1) = _1
e2(+) e — @7Qi+0) _ pni _ _pg2Zkni _ _4
e 3D 5 @3N — (ega_,-))z ~ (e %(i—j))z = emi~]) = _@2Wnl-) = _ (g2l x e=2KW) = _(1x 1) = —1

We must remember that: €7 = @ = —1 and e~ 2KV = e2km = 1
We thus obtain the commutative table:

x 1 ezl el | e2i+h | g3i-D
1 1 ezl ezl | e2i+h | g3i-D
P o5 A | ezith | ez e7)
o5 e3 | e3itidf 1 L ezl
2t | g3ith | g3 ezl .1 -1
e W=D | p5¢-n | ggi ez -1 1
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