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Abstract:
In this paper, we introduce a notion of a generalized Ny-metric space, which is
a generalization of N-metric spaces. This new space considers the path integral
in physics. The inspiration comes from the expression of quantum mechanical
amplitude for a particle to go from the initial point = to the final point y

/ DgeliMs@)

Fixed point theorems satisfying some contractive conditions are stated and
proved. This concept generalizes some known results in the literature.
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1 Introduction

Banach fixed point theorem was proved in 1922. This theorem gave conditions
for the existence of a unique fixed point for a self-map defined on a metric space
with completeness. After this result, much literature sprang up for continuous
maps until Kannan proved the existence of a fixed point for contractive maps
that does not imply continuity. Motivated by these results, Branciari and many
other authors tried to prove the existence of fixed points for contractive maps
in other spaces. (see [1-34]).

In this paper, we introduce the notion of generalized Np-metric spaces, which is
a generalization of N-metric spaces. This new space considers the path integral
in physics. The inspiration comes from the expression of quantum mechanical
amplitude for a particle to go from the initial point = to the final point y

/ Dgeli/Ms@,

Fixed point theorems satisfying Banach contractive condition, Kanaan contrac-
tion, Chatterjea Type contraction, Zamfirescu’s contraction, and general con-
tractive condition of integral type are stated and proved.
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2 Main results

We introduce Np-metric space inspired by the path integral in physics. We
define as follows.

Definition 2.1.

For a non-empty set X and a function dj, : X2 — [0, c0) satisfying the following
properties:

Ny d(ZL'i,IL'j,Nb):O <= Z:]
No d(zi, x5, Ny) = d(xj, x5, Np).

N—1
N3 d(zi,xn, Np) <b| > d(xi, g1, Np) |, 0> 1.
i=1
for all @;,2; € X and 4,5 = 0,1,2,...,N,i # j, (X,dp) is called a generalized
Np-metric space.

The above definition draws its inspiration from the expression of quantum me-
chanical amplitude for a particle to go from the initial point x to the final point

Y:
/ Dgeli/MS @) (1)

where ¢ is the position of the particle, f Dq the sum of all possible paths
between x and v,

T
S(g) = / dt(q, 7) ()

the classical action, h the Planck’s constant. See [11, 17-21].  The result for
quantum mechanics is that the classical path between the two points has the
largest weights and quantum effects give fluctuations around it.

The approach used is to modify the measure weight in (1) by taking the simple
case of S(¢) = 0 and proceeding with Definition 2.1. This generalization extends
and improves the idea of [9] and many other results in literature (see [1-34]).
Example 2.2.

Let X = PUZ, P ={1},cn and define d; : X*> — RT U {0} by

0, T =Y;
dy(z,y,No) = § lzl,  @ycP;
lyl, otherwise

Then (X, dp, Np) is a generalized Np-metric space but not necessarily a metric
space nor N-metric space because

11 12 2 3 3 1
db (§a1§7Nb) ngb (51’ %7Nb) + db (%a %7Nb) + db (%a §7Nb)

For s =5,6,7, ...,
db (%7$>Nb) < S[db (%7%7Nb) +db (%u%7Nb) +db (573‘5’%7]\[1))]
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Example 2.3.
Let X =R and define d, : X?> — R U {0} by

0, T =y
db(xay7Nb) = |l“, T € Q,
Y2, otherwise

Then (X, dy, Np) is a generalized Np-metric space.
Example 2.4.
Let X = R and define d, : X2 — Rt U {0} by

0, T =y;
db(xvyva) =
3, zyeR

Then (X, dy, Np) is a generalized Np-metric space.

Definition 2.5. Let (X,d;) be a generalized Np-metric space. For y € X,
r > 0, the dp-sphere with centre y and radius r is

Sa,(y,r) = {2z € X 2 dp(y, 2, Ny) <1}

Definition 2.6.  Let (X,d;) be a generalized Np-metric space. A sequence
{zn} C X is dp-convergent to z if the limit of dy(@n;2,N) tends to zero as n
tends to infinity.

Definition 2.7. Let (X,dy) and (X, d;) be two generalized N,-metric spaces, a
function g : X' = X is dj-continuous at a point = € X if g~' (S-(g9(x), 7)) € X,
for all > 0. g is dp-continuous if it is dp-continuous at all points of X.

Lemma 2.8. (X,d;) be a generalized Ny-metric space and {z,} a sequence
in X. Then {x,} converges to z, if and only if dy(xy,zs, Np) — 0 as n — oco.

Lemma 2.9. (X,d;) be a generalized Ny-metric space and {z,} a sequence in
X. Then {z,} is said to be a Cauchy sequence if and only if dy(x;, zn, Np) — 0
as i, N — oo.

Theorem 2.10. Let X be a complete Np-metric space and g : X — X a
map for which there exist the real number, ¢ satisfying 0 < ¢ < 1 such that for
each pair z,y € X.

db(nggyva) < qdb(z7y7Nb) (3)

Then g has a unique fixed point.

Proof:

Suppose g satisfies condition (3) and xg € X be an arbitrary point and define a
sequence x,, by x, = g"xq, then

dy(Tn, Tny1, Np) = dp(92n—1, 920, Np) < qdp(Tn—1, 0, Np)

Setting h,, = dp(zn, Tni1, Np) we have

B < qhn_1 (4)
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We then deduce that

b,
b,

qhn—l (5)
q"hoVn € N. (6)

IA A

Using (N3) of Definition 2.1, we obtain

dp(zi,on, Np) < b Zd(xuxiﬂ,Nb)] (7)
i=1

rN—1
=0 qlhol 9)

Taking the limit of dp(z;, N, Np) as N,i — oo, we have

N—-1
lim _dy(zs,an,Np) = lim_b [Z qiho] =0 (10)

n,Mm—00 4
i=1

So, {z,} is a.dp=Cauchy Sequence.

By completeness of (X, dy), there exist x, € X such that =z, is dp-convergent to
To-

Suppose gz, # x,

db(xnvgxoaNb) < qdb(xn—laxova)' (11)

Taking the limit as n — oo and using the fact that function is dy-continuous in
its variables, we get

dy (205 g0, Np) < qdy(20, T, Np). (12)
Hence,
dp (20, g6, Np) < 0. (13)

This is a contradiction. So, gz, = z,.
To show the uniqueness, suppose x1 # x is such that gr; = x1 and gxs = 2
then

dp(gz1, gra, Np) < qdp(z1, 22, Np). (14)

Since gr1 = z1 and grs = x2, we have
db(acl,a?g,Nb) <O0. (15)

which implies that z1 = 5.

Remark 2.11. Let (X, d;) be a generalized Np-metric space and d: X x X —
[0,00) a function defined by d(z,y) = dp(z,y, Np), then Theorem 2.10 reduces
to Banach contraction principle in a generalized N-metric space(an analogue of
Banach contraction principle in metric space).
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Theorem 2.12. Let X be a complete Ny-metric space and g : X — X a map
for which there exist the real number, ¢ satisfying 0 < ¢ < % such that for each
pair x,y € X.

db(gxa gy, Nb) < C[db(m) gz, Nb) + db(y7gya Nb)] (16)

Then g has a unique fixed point.

Proof:

Suppose g satisfies condition (16) and zy € X be an arbitrary point and define
a sequence x, by z, = g"xg, then

db(xn7xn+17Nb) = db(gxn—lagxnva) (17)
< C[db(xn—lagxn—lva) +db(-rnvgxn7Nb)] (18)
S |: ¢ :| db(xnamnflbe) (19)
1—c
Setting h,, = dp(xp, Tni1, Np) and ¢ = {ﬁ}, we have
hn < qhn—l (20)
We then deduce that
hp, < q"hoVn € N. (22)

Using (N3) of Definition 2.1, we obtain

TN—1
dili, xn, No) S| > d($i7$i+1,Nb)l (23)
Li=1
TN—1
= b hZ] (24)
Li=1
N1
= b q’hO] (25)
Li=1
Taking the limit of dy(z;, zn, Np) as N,i — oo, we have
N-1
. ) _ . i _
n}rILILlOO dyp (x4, 2N, Np) Wl%fgoob [z_; q ho] 0 (26)

So, {x,} is a dp-Cauchy Sequence.

By completeness of (X, dp), there exist , € X such that x,, is dp-convergent to
T

Suppose gz, # T,

db(xn;gl‘o, Nb) < C[db(g'rn—la Tn—1, Nb) =+ db(g'rm Lo, Nb)} (27)

Taking the limit as n — oo and using the fact that function is dj-continuous in
its variables, we get

dp(xo, g0, Np) < c[dp(920, Zoy, Np) + dp (g, 2o, Np)]. (28)
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Hence,
dp (20, g6, Np) < 0. (29)

This is a contradiction. So, gz, = x,.
To show the uniqueness, suppose x; # x5 is such that gry = x1 and grs = x4
then

dy(gx1, gz, Np) < c[dp(gz1, 21, Np) + dp(g22, T2, Np)]. (30)

Since gx1 = z1 and grs = xo, we have
db(acl,xz,Nb) § 0. (31)
which implies that =1 = 5.

Remark 2.13. Let (X, d;) be a generalized Np-metric space and d: X x X —
[0,00) a function defined by d(x,y) = dp(x,y), then Theorem 2.12 reduces to
Kanaan contraction in a generalized N-metric space(an analogue of Kanaan
contraction in metric space).

Theorem 2.14. Let X be a complete Ny-metric space and g : X — X a map
for which there exist the real number, ¢ satisfying 0 < ¢ < % and ¢ < b% such
that for each pair z,y € X.

dy(gz, gy, Nv) < cldp(x, gy, Ny) + do(y, 92, Ny)] (32)

Then g has a unique fixed point.

Proof:

Suppose g satisfies condition (32) and zg € X be an arbitrary point and define
a sequence T, by T, = g"zq, then

dy(2n, Tng1, No) = dp(92n—1,9n, Np) (33)
< cldy(9Tn—1, Tn, Np) + do(gn, 2n—1, Np)] (34)
< C[db($n7xn;Nb) + db(x7L+17x7l—17Nb)] (35)
S bc[db<xn+laxn7Nb) + db(wnaxnflva)] (36)
S |: ¢ :| db(‘rnyxnfluNb) (37)

1—be

Setting h,, = dp(zn, Zni1, Np) and ¢ = {ﬁ}, we have

hn S qhn—l (38)
We then deduce that
hn, < q"hoVn € N. (40)
6
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Using (N3) of Definition 2.1, we obtain

dy(zi,on, No) < b Zd(ffiafiﬂaNb)] (41)
i=1

[N—=1
— q’ho] (43)
Taking the limit of dy(z;, N, Np) as N,i — oo, we have

N-1
lim _dy(zi, oy, Np) = lim_ b [Z qihO] =0 (44)

n,Mm—00 4
i=1

So, {z,} is a dp-Cauchy Sequence.

By completeness of (X, dy), there exist x, € X such that x,, is dp-convergent to
Zo-

Suppose gz, # x,

db(xnygmm Nb) < C[db(gxn—l,xoa Nb) + db(gxo’xn—l, Nb)} (45)

Taking the limit as n — oo and using the fact that function is dp-continuous in
its variables, we get

dp(@o, 920, Nb) < cldy (90, To, Np) +dy (90, T oy Np)]- (46)
Hence,
dy(To, 920, Np) < 0. (47)

This is a contradiction. So, gz, = .
To show the uniqueness, suppose x1 # o is such that gx; = x; and gzy = 9
then

dy(gx1, gz, Np) < c[dp(gz1, T2, Np) + dp(g22, 21, Np)]. (48)

Since gr; = x1 and gxo = x2, we have
dp (1,22, Np) < 0. (49)
which implies that z1 = xs.

Remark 2.15. Let (X, d;) be a generalized N,-metric space and d: X x X —
[0,00) a function defined by d(z,y) = dy(z,y), then Theorem 2.14 reduces to
Chatterjea Type Contraction in a generalized N-metric space(an analogue of
Chatterjea Type Contraction in metric space).

Theorem 2.16. Let X be a complete Np-metric space and g : X — X a map
for which there exists real numbers, i € [0,1),j € [0,3),k € [0, 1) with k < b_%l
satisfying at least one of the following:

Z1 dy(gx, gy, Ny) < idy(z,y, Np)
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Zy dy(gx, gy, Ny) < jldy(z, gz, Ny) + do(y, gy, No)]
Z3 dy(gx, gy, Ny) < kldy(z, gy, Ny) + db(y, gz, Np)]
Then g has a unique fixed point.

Proof:
It follows from Theorem 2.10, Theorem 2.12 and Theorem 2.14.

Remark 2.17. Let (X, d;,) be a generalized Np-metric space and d: X x X —
[0,00) a function defined by d(z,y) = dp(z,y), then Theorem 2.16 reduces to
Zamfirescu’s contraction in a generalized N-metric space(an analogue of Zam-
firescu’s contraction in metric space).

Theorem 2.18. Let X be a complete Np-metric space and g : X — X a map
for which there exist the real number, ¢ satisfying 0 < ¢ < % such that for each

pair z,y € X.
dy(9,9y,Np) dp(2,y,Np)
/ ode<e [ o (50)
0 0
where ¢ : [0,00) — [0,00). Then g has a unique fixed point.
Proof:

Suppose g satisfies condition (32) and xy € X be an arbitrary point and define
a sequence &, by xn = g"xq, then

dp (Tr41,2n,Np) dp (9% n ,9%n—1,Nb)
J ot —of o(1)dt (51)
0 0
db(xnymnflaNb)
<ef o(t)dt (52)
0
dy(x1,20,Np)
< o / S(1)dt (53)
0
Setting h,, = fodb(w”“’x”’m) @(t)dt, we have
hn S Chn—l (54)
We then deduce that
hn S Chn,1 (55)
ha < choVn e N. (56)

Using (N3) of Definition 2.1, we obtain

dy(zi, N, Ny)

IN
o

d(Ii,IHhNb)] (57)
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Taking the limit of dy(z;, N, Np) as N,i — oo, we have
N-1
n}ylgoo dy(zi, N, Np) = n,},ifﬁoob [Z; q hO] =0 (60)

So, {z,} is a dp-Cauchy Sequence.

By completeness of (X, dy), there exist x, € X such that x,, is dp-convergent to
To.

Suppose gz, # T,

db(wnmqivube) db(wnflyonVb)
/ S(t)dt < / S(t)dt. (61)
0 0

Taking the limit as n — oo and using the fact that the function is dp-continuous
in its variables, we get

dp (20,92 0,Nb) dp(T0,20,Nb) 0
/ o(t)dt < c / o(t)dt = c / o(t)dt (62)
0 0 0

A contradiction. So, gz, = x,.
To show the uniqueness, suppose x; # x5 is such that gr; = x1 and gxe = x4

then
dp(gx1,9c2,Np) dp(z1,22,Np)
/ s@)dt < / S(t)dt. (63)
0 0

Since gz, = x1 and grs = xo, We have

dp(x1,22,Nyp)
/ S(t)dt < 0. (64)
0
which implies that z1 = 5.

Remark 2.19. Let (X, d;) be a generalized Np-metric space and d: X x X —
[0,00) a function defined by d(z,y) = dp(z,y), then Theorem 2.18 reduces to
general contractive condition of integral type in a generalized N-metric space(an
analogue of general contractive condition of integral type in metric space).

3 Conclusions

In this paper, the notion of generalized Ny-metric spaces was introduced. This
is a generalization of N-metric spaces, b-metric space, metric space, and many
other spaces in literature. This newly introduced space considers the path in-
tegral in physics. The motivation comes from the expression of quantum me-
chanical amplitude for a particle to go from the initial point x to the final point

y
/ Dgeli/Ms(@),

Fixed point theorems satisfying some contractive conditions are stated and
proved. This concept generalizes some known results in the literature.
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